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Abstract

torch_vn_algebra is a PyTorch library for numerical work in algebras M =
⊕C

c=1Mkc(C),
the �nite-dimensional Type I von Neumann algebras that describe quantum systems with super-
selection rules. Operators, states and channels are stored as batched, block-diagonal tensors, so
that thousands of random samples, or thousands of independent starts of an optimisation, are
processed at once on a CPU or a GPU. The library provides random operators with prescribed
spectra and Haar-distributed eigenvectors, the three trace functionals that are natural on M,
states and Lüders conditioning, completely positive maps within and between sectors, plain and
charge-conserving (fused) tensor products with partial traces, spin chains with a conserved mag-
netisation and momentum, sparse Lanczos and Krylov solvers for large sectors, Hamiltonian and
Lindblad dynamics (including jumps between sectors), di�erentiable parametrisations with a pre-
scribed Michelson contrast, and safeguards that estimate run time and memory before expensive
steps. It also relates algebras to each other and to their symmetries: inclusions of algebras with
conditional expectations, Jones, Watatani and Pimsner�Popa indices and the basic construction;
a numerical Wedderburn decomposition of the algebra generated by given matrices or by a �nite
group; the SU(2) multiplet structure of spin- 12 chains; and Petz and sandwiched Rényi divergences
with Petz recovery maps. We describe the design, show how the library is used on short complete
examples, and validate it against exact results from random matrix theory, quantum informa-
tion and integrable spin chains (free-fermion spectra and dynamics, Heisenberg ring energies,
Peschel's entanglement formula, the GOE�Poisson crossover of disordered chains). Applied to the
trace inequalities of our earlier work, constrained optimisation replaces Monte Carlo sampling:
it �nds extremal values that sampling misses in all but the smallest dimensions, and reproduces
the bounds that are known in closed form. Without being told where they lie, the same method
brackets the data-processing thresholds α = 1

2 and α = 2 of the sandwiched and Petz Rényi
divergences, with the violations certi�ed in high-precision arithmetic.

Program summary

Program title: torch_vn_algebra

Developer's repository link: https://github.com/andre-a-no/von_neumann_type_i

Licensing provisions: MIT

Programming language: Python (≥ 3.9), PyTorch (≥ 2.0)

Nature of problem: Numerical experiments in �nite-dimensional Type I von Neumann algebras⊕
cMkc(C), which describe quantum systems with superselection rules or conserved charges:

random operators with prescribed spectra, several trace functionals, states, channels within and
between sectors, symmetric tensor products, spin chains, Hamiltonian and Lindblad dynamics,
extremal problems for trace inequalities under spectral constraints, inclusions of algebras, sym-
metry reduction, and quantum Rényi divergences.
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Solution method: Batched block-diagonal tensors processed by PyTorch linear algebra on CPUs
and GPUs; exact Haar sampling; spectral functional calculus; Kraus representations; Lanc-
zos and Krylov methods for sparse sector Hamiltonians; di�erentiable parametrisations with
batched multistart gradient optimisation; run-time and memory estimates before expensive
steps; inclusion matrices; randomised Wedderburn decomposition from random elements of the
commutant; highest-weight (Yamanouchi) bases and exact Clebsch�Gordan coe�cients.

Additional comments: about 800 unit tests, run in continuous integration; every number, table and
�gure of this paper is produced by the scripts and examples in the repository and regenerated
by scripts/run_all.sh.

1 Introduction

Where block-diagonal algebras arise. Whenever a conserved quantity, a symmetry or a super-
selection rule splits a Hilbert space into sectors, the physically relevant operators are block diagonal.
Their algebra is a �nite-dimensional Type I von Neumann algebra

M =
C⊕
c=1

Mkc(C) acting on H =
C⊕
c=1

Ckc , (1)

where C is the number of sectors (direct summands) and Mk(C) is the algebra of complex k × k
matrices. Every �nite-dimensional von Neumann algebra is ∗-isomorphic to one of this form [18], and
its centre is spanned by the sector projections. The library also accepts nominal factor sizes nc ≥ kc:
this describes computations in the corner pM0p ∼=

⊕
cMkc(C) of a larger algebra M0 =

⊕
cMnc(C),

with p =
⊕

c pc and pc a projection of rank kc. The corner is again of the form (1); all operators,
traces and normalisations refer to it, and in most applications kc = nc.

From a symmetry to the algebra. The link between physics and (1) is the commutant. If a group
G (or a set of conserved quantities) acts unitarily on H and H ∼=

⊕
λ Vλ ⊗ Cmλ is its decomposition

into irreducible representations Vλ with multiplicities mλ, then the operators commuting with the
action form the algebra

⊕
λ⊮Vλ

⊗Mmλ
(C) ∼=

⊕
λMmλ

(C). For one conserved self-adjoint charge
Q (particle number, magnetisation, Hamming weight) the irreducibles are one-dimensional and mλ

is the dimension of the eigenspace of Q with eigenvalue λ. A Hamiltonian that conserves Q, a time
evolution generated by it, and every observable compatible with a superselection rule for Q lie in
this commutant; the sectors are the eigenvalues of Q, and the centre consists of the functions of
Q. Physical modelling with a symmetry is therefore computation in an algebra of the form (1); for
non-abelian symmetries the block sizes mλ are smaller than the dimensions of the charge sectors, and
Section 8 computes the decomposition numerically from the group or its generators.

Examples are abundant:

� superselection rules for charge, parity or particle number [19, 20] and the classical-quantum
structure produced by decoherence and einselection [21];

� many-body Hamiltonians with conserved charges, whose exact diagonalisation and dynamics
are carried out sector by sector [22, 23], and symmetry-resolved entanglement [24, 25];

� quantum information: decoherence-free subspaces and noiseless subsystems [26, 27], operator-
algebra quantum error correction [28], and quantum algorithms that preserve a conserved quan-
tity, such as the XY mixers of the quantum alternating operator ansatz, which keep the Ham-
ming weight [29];
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� random matrix theory, where symmetries decompose ensembles into blocks and spectral statis-
tics are meaningful only inside a block [30, 12];

� machine learning: by Schur's lemma the linear maps that commute with a (complex, uni-
tary) group representation (equivariant layers) on one space form an algebra of the form (1),
whose block sizes are the multiplicities of the irreducible representations, and equivariant layers
between two representations are the corresponding o�-diagonal blocks [31, 32] (for real repre-
sentations the blocks can also be real or quaternionic); random-matrix methods are used to
analyse trained weights [33];

� operator theory, our original motivation: inequalities between traces of products characterise
the trace and the centre of an operator algebra [2, 3, 4, 5], and their failure can be quanti�ed
by spectral quantities such as the Michelson contrast [6, 7].

On M the trace is not unique: every positive weighting of the sectors gives one, and statements such
as �trace preserving� or �the dual map� depend on that choice as soon as maps change the sector
structure.

What existing software o�ers. Table 1 compares the features relevant here. Dense and sparse
linear algebra (NumPy/SciPy [34, 35], with ARPACK [36] for sparse eigenproblems) handles single
matrices; QuTiP [8] and the quantum-information module of Qiskit [9] represent states, operators
and channels on one Hilbert space; dynamiqs [10] adds batching, GPUs and automatic di�erentia-
tion for Schrödinger and Lindblad dynamics; QuSpin [23] builds symmetry-reduced bases for exact
diagonalisation; tensor-network libraries (ITensor [37], TeNPy [38]) store charge-conserving tensors
in block-sparse form; RTNI [39] integrates Haar-random tensor networks symbolically. None of them
treats the algebra (1) itself, with its centre, several traces, states and maps between algebras of di�er-
ent sector structure, as the basic object, and none combines it with batched sampling and optimisation
over operators with prescribed spectra.

NumPy/ QuTiP Qiskit dynamiqs QuSpin ITensor/ this
SciPy q. info TeNPy work

GPU execution � (✓) � ✓ � (✓) ✓
batched over many operators (✓) � � ✓ � � ✓
automatic di�erentiation � (✓) � ✓ � (✓) ✓
symmetry sectors of many-body systems � � � � ✓ ✓ ✓
algebra

⊕
c Mkc with centre and several traces � � � � � � ✓

channels within and between sectors � (✓) (✓) � � � ✓
prescribed spectra, Haar/COE/CSE per sector (✓) (✓) (✓) � � � ✓
optimisation under spectral constraints � � � � � � ✓
large single systems ✓ ✓ ✓ ✓ ✓ ✓ (✓)

Table 1: Features relevant to computations in the algebra (1), to the best of our knowledge at the
time of writing (✓: supported; (✓): partly, through plug-ins, or with user code; �: not supported).
The last row is where the specialised packages are the better choice.

Why not one large matrix? Nothing forces one to treat M as a separate object: it embeds into
MD(C), D =

∑
c kc, as the block-diagonal matrices, and every package above handles a single D×D

matrix (the case C = 1 of (1)). The embedding is exact for linear algebra, so the question is only
what it costs and what has to be supplied by hand.

� Cost. A product, an inverse or a spectral decomposition in MD costs O(D3) time and O(D2)
memory, in M it costs

∑
c k

3
c and

∑
c k

2
c . For C equal blocks this is a factor C2 in time and C

3



in memory; for the half-�lling sector of a chain of L = 16 spins (D = 216, largest block 12870)
the dense MD computation is out of reach, the block computation is routine.

� Measures. The unitary group of M is
∏

c U(kc), for C ≥ 2 a subgroup of U(D) of measure
zero. A Haar-random element of U(D) is not in M, and a random element of M has to be
produced block by block. The same holds for random states, for the circular ensembles and for
any optimisation: an unconstrained gradient step in MD leaves M.

� Traces. OnMD the trace is unique up to a factor; on M the faithful traces form a C-parameter
family

∑
cwcTrc. Densities, �trace preserving� and the dual of a map between algebras with

di�erent sectors depend on the choice of the weights; on the embedded matrices this information
is no longer visible.

� Centre. The centre of M (the sector projections) is what physicists call the classical or superse-
lected part of the system; conditioning on a sector, post-selection and sector-resolved quantities
are operations with the centre, and they have to be reconstructed from the block indices when
M is stored as one matrix.

The library keeps these four pieces of structure inside the data type. For C = 1 it reduces to batched
linear algebra in Mk(C), and all its functions accept that case. The �rst version of this library [1]
shows that the bookkeeping is error-prone: its complex Haar sampler was not Haar distributed, its
circular ensembles were not the circular ensembles, and several conclusions drawn from Monte Carlo
samples were wrong; all of this is corrected and tested here.

Challenges. Turning the algebra into an e�cient and reliable tool raises concrete problems, each
addressed by a design decision described in Section 3: (i) heterogeneous block sizes have to be
mapped onto batched GPU kernels; (ii) trace conventions and dual maps must stay consistent when
maps change the sectors; (iii) random ensembles must be exactly Haar (or COE/CSE) in every
block; (iv) gradients propagated through eigen- or singular-vector decompositions (as in f(A) or |X|)
are numerically singular at degenerate spectra, exactly where extremal operators tend to lie; (v)
extremal values sit on sets of tiny measure that random sampling does not reach in higher dimensions
(Section 6); (vi) batched workloads easily exceed the time or memory budget of a device; (vii) the
number �eld (real or complex) and the precision change both cost and results (Section 3).

Objective and scope. torch_vn_algebra is a library for numerical experiments in the algebra (1):
sampling and optimising operators, states and channels, evaluating trace and spectral functionals, and
formulating physical models (spin chains, open systems, noisy symmetric quantum circuits) whose
symmetry is encoded in the sector structure. It is not a circuit simulator and not a tensor-network
code, and for single large systems the specialised packages above remain the better choice; Section 9
quanti�es where the library gains and where it does not.

Contributions and outline. Section 2 �xes notation and conventions. Section 3 describes the
software stack, the work�ow, how the challenges (i)�(vii) are met, and the choice of number �eld
and precision. Section 4 shows the library on short complete programs, including a noisy quantum
circuit. Section 5 validates it against exact results and checks the trace functionals. Section 6 replaces
Monte Carlo sampling by constrained optimisation for the trace inequalities of [1] and, in Section 6.1,
locates the data-processing thresholds of the Rényi divergences. Section 7 covers charge-conserving
tensor products and spin chains, including momentum sectors, sparse Krylov solvers and particle
loss. Section 8 treats inclusions of algebras, conditional expectations and indices, the Wedderburn
decomposition of the algebra generated by a symmetry, and the SU(2) symmetry of spin chains.
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Section 9 compares with NumPy/SciPy, Section 10 reports performance, and Section 11 discusses
limitations.

2 Mathematical setting

Algebra and traces. Let M =
⊕C

c=1Mkc(C) act on H =
⊕

cCkc ; A ∈ M is block diagonal,
A =

⊕
cAc. Every trace on M is trw(A) =

∑
cwcTrAc with weights wc ≥ 0, and it is faithful i� all

wc > 0. The library implements

Trblunt : wc = 1, Trnorm : wc =
1
kc
, τvN : wc =

1
Ckc

,

where τvN is the faithful normal tracial state that gives every sector the same weight (the library allows
empty sectors, kc = 0; they carry no weight, and C in τvN counts the non-empty ones). For A ∈ M,
|A| = (A∗A)1/2; for A ≥ 0 the Michelson contrast is ∆(A) = (λmax − λmin)/(λmax + λmin) ∈ [0, 1],
with the extreme eigenvalues taken over all sectors, for A ̸= 0 (the library returns ∆(0) = 0); for
A ≥ 0, A ̸= 0, ∆(A) = 0 if and only if A is a multiple of the identity.

States. A state ω on M is represented by its density ρ ≥ 0 with respect to Trblunt, ω(A) = Tr(ρA),∑
cTr ρc = 1. The restriction of ω to the centre is the classical distribution pc = Tr ρc over sectors.

The density of the same state with respect to trw is ρ(w)
c = ρc/wc; the library converts between the

conventions explicitly, because statements such as �trace preserving� or �the dual map� depend on
them as soon as the sectors change.

Maps between sectors. Let Min =
⊕

cMkc and Mout =
⊕

dMmd
. Every normal completely

positive map Φ : Min → Mout (in the Schrödinger picture) is a sum of completely positive maps
between blocks,

Φ(ρ)d =
∑
c

∑
i

Kdc
i ρc (K

dc
i )∗, Kdc

i : Ckc → Cmd .

It preserves Trblunt i�
∑

d,i(K
dc
i )∗Kdc

i = 1c for all c, and Tdc = TrΦdc(ρc)/Tr ρc are the transition
probabilities between sectors for the input state ρ (de�ned for Tr ρc > 0) (independent of ρ i� every∑

i(K
dc
i )∗Kdc

i is a multiple of 1c; by default the library uses the maximally mixed state of each input
sector). The dual with respect to trw on both sides is Φ∗,w(A)c =

∑
d,i(w

out
d /win

c )(Kdc
i )∗AdK

dc
i ; for

sector-preserving maps on one algebra the weights cancel and all three traces give the same dual.

Tensor products and fusion of sectors.
(⊕

cMkc

)
⊗

(⊕
dMmd

)
=

⊕
(c,d)Mkcmd

is again of
Type I with sectors labelled by pairs. If the sectors carry conserved charges qc, q′d (particle numbers,
magnetisation), the operators of the composite system that conserve only the total charge form the
larger algebra

M1 ⊗̂M2 =
⊕
q

Mnq , nq =
∑

qc+q′d=q

kcmd,

in which all pairs with the same total charge are merged into one sector. It contains M1 ⊗ M2

(block-diagonally in every merged sector), but also operators such as S+
i S

−
j that move charge between

the factors. For additive charges, and distinct charges on distinct sectors of M1, the partial trace
(Tr2X)c =

∑
dTrmd

X(c,d),(c,d) still lands in M1: a block between pairs (c, d) ̸= (c′, d) with equal
total charge would need qc = qc′ , hence c = c′. In both cases the partial trace is a map between
sectors in the sense above, and its dual with respect to Trblunt is the embedding A 7→ A⊗ 1.
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Spin chains. For L spins 1/2 with conserved Sz
tot, iterating the fused product of single-site algebras

M1 ⊕M1 (charges 0, 1) gives M =
⊕L

N=0M(LN)
(C), N the number of up spins, which contains every

Sz
tot-conserving Hamiltonian, e.g. the XXZ chain H =

∑
⟨ij⟩

[
J
2 (S

+
i S

−
j +S−

i S
+
j )+J∆S

z
i S

z
j

]
+
∑

i hiS
z
i

(the anisotropy ∆ is unrelated to the Michelson contrast ∆(·)).

Dynamics. For H = H∗ ∈ M and jump operators Lj ∈ M the Gorini�Kossakowski�Sudarshan�
Lindblad equation ρ̇ = −i[H, ρ] +

∑
j γj(LjρL

∗
j − 1

2{L
∗
jLj , ρ}) preserves every sector, so the sector

probabilities pc are conserved (superselection). Jumps between sectors, such as particle loss, are
described by maps between sectors as above (Section 7).

3 Design and implementation

Software stack. The library is pure Python on top of PyTorch [64] (≥ 2.0) and NumPy [34]. All
dense linear algebra goes through torch.linalg, i.e. LAPACK (MKL or OpenBLAS) on CPUs and
cuSOLVER, cuBLAS and MAGMA on NVIDIA GPUs; sparse products use PyTorch's CSR tensors.
Automatic di�erentiation is PyTorch's reverse mode. The validation and paper scripts additionally use
SciPy, pandas, Matplotlib and mpmath (for the high-precision certi�cation of Section 6.1). Packaging
follows pyproject.toml; the test suite runs in continuous integration on Python 3.10 and 3.12 (CPU),
and the paper scripts state the device and mode in the table captions and record the matmul precision,
the PyTorch, CUDA and cuDNN versions and the compute capability in a JSON �le next to every
table.

Work�ow. A computation proceeds in four steps. (1) An algebra is declared by its sector sizes,
optionally sector charges, number �eld, precision and device (TypeIAlgebra, or a model such as
SpinChain that creates it). (2) Objects are created in it: random operators with prescribed spec-
tra, states, channels, Hamiltonians, or di�erentiable parametrisations. (3) They are combined lazily
(products, functional calculus, channel application, tensor products, time evolution). (4) Functionals
are evaluated for the whole batch at once (traces, spectra, contrasts, entropies, sector probabilities)
and reduced to statistics, or fed into an optimiser that updates the parameters of step (2). Every
step keeps the batch dimension, so the same code serves one operator and 105 samples.

challenge solution in the library

(i) blocks of di�erent size on
batched kernels

padded (B,C, kmax, kmax) layout; products and traces in one batched call,
decompositions in one batched call per distinct block size; single-sector
algebras and sparse sector Hamiltonians where padding would dominate

(ii) conventions between sectors states stored as Trblunt-densities with explicit conversions; duals of maps
between sectors computed with the weights of the chosen trace

(iii) exact random ensembles Mezzadri's QR algorithm with phase correction, det−1/n for SU(n),WTW
and WRW for COE/CSE, validated against Weingarten moments and
spacing statistics

(iv) singular gradients at degenerate
spectra

functional calculus di�erentiated by the Daleckii�Krein formula (divided
di�erences, �nite at degenerate spectra); parametrisations that build oper-
ators from their spectra in the optimisation, exact |X| from the parametri-
sation

(v) extremes missed by sampling batched multistart optimisation with exact contrast constraints
(vi) time and memory budgets probing of batched kernels with an ETA warning, memory estimates

checked against the free device memory, ETA for time stepping
(vii) �eld and precision two switches per algebra, conversions between them, measured trade-o�s

Table 2: Implementation challenges (Section 1) and how they are addressed.
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Data layout. An operator is a tensor of shape (B,C, kmax, kmax): B samples, C sectors, block c
in the top-left kc × kc corner and zeros elsewhere. Linear algebra is applied to the batch of active
blocks of each sector, so one call to a batched LAPACK/cuSOLVER routine serves all samples. The
padding costs memory when the sector sizes di�er strongly (for a chain of 14 spins, 77% of a padded
operator is zeros); the library warns in that case, and SpinChain lets one work in single sectors M(LN)
without padding, which is what dense diagonalisation needs anyway.

Objects. Operator (with DensityMatrix as a subclass for states), Channel (sector preserving) and
InterSectorChannel (between sectors or algebras) are thin wrappers around such tensors; Table 3
lists the modules. Operations on operators are lazy: they record how to compute the result and do
so on �rst use; the result is cached and the recipe dropped, so intermediates of long expressions can
be freed. Laziness defers and skips work but does not fuse operations; where this matters the library
uses direct formulas, e.g. Tr(ρA) =

∑
ij ρijAji in O(k2) instead of forming ρA.

module content

algebra TypeIAlgebra, Operator: random operators, unitary ensembles, traces, functional
calculus

states DensityMatrix, random states, Gibbs states, Lüders rule, entropies, �delity
channels Channel, InterSectorChannel, Choi matrices, standard and random channels
composite plain and fused (charge-conserving) tensor products, kron, partial traces
chains SpinChain: U(1) and momentum sectors, XXZ Hamiltonians with batched disorder,

sparse form, reduced states, jump operators between sectors
krylov sparse sector Hamiltonians, batched Lanczos ground states, Krylov e−itHψ
dynamics exact Schrödinger/von Neumann evolution, RK4, Lindblad equation, etL

functional functional calculus: self-adjoint, normal, singular values, holomorphic (contour); spec-
tral cache

optimize parametrisations with prescribed contrast, batched multistart extremize
cost run-time and memory estimates, warnings and errors
hilbert_space the padded block layout of

⊕
c Ckc and its random subspace bases

inclusions Inclusion: inclusions N ⊂ M by inclusion matrices, conditional expectations,
Markov trace, Jones, Watatani and Pimsner�Popa indices, basic construction, spin-
chain tower

decompose numerical Wedderburn decomposition of the algebra generated by matrices or a �nite
group; commutants; real, complex and quaternionic types

su2 SU2Chain: SU(2) multiplets of spin- 12 chains, highest-weight bases, Clebsch�Gordan
coe�cients, Wigner�Eckart theorem

divergences Petz and sandwiched Rényi divergences and their limits, Petz and universal recovery
maps, Lp and Kosaki norms

Table 3: Modules of torch_vn_algebra.

Random unitaries. Haar unitaries on U(n) and O(n) are obtained from the QR decomposition
of a Ginibre matrix with i.i.d. complex (respectively real) Gaussian entries after �xing the phases
(signs) of diagR [11]; SU(n) and SO(n) by multiplying with det−1/n or by a sign �ip of one column;
the circular orthogonal and symplectic ensembles as W TW and WRW with W Haar on U(n) (n even
for WRW , WR the quaternion dual) [12]. Section 5 checks all of them.

Functional calculus. The module functional provides f(A) at four levels of generality, all built
on batched kernels, one call per distinct block size [40]. (1) For self-adjoint A, f(A) = V f(Λ)V ∗
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from the Hermitian eigensolver, for any function on the real spectrum. (2) For normal A = H + iK
(unitaries), H andK commute, and the eigenvectors of the Hermitian matrixH+αK diagonalise A for
all but �nitely many α; the library tries a few irrational values, re�nes the eigenvectors of nearly tied
values with a second coe�cient and corrects the remaining residual to �rst order, so normal operators
also need only the Hermitian eigensolver (in single precision this decomposition is computed in double
precision). (3) Singular values, |A|, the pseudo-inverse and the polar decomposition come from the
Hermitian eigensolver of the dilation

(
0 A
A∗ 0

)
, whose eigenvalues are ±si: batched SVD on GPUs is

limited to blocks of size at most 32, while the batched Hermitian eigensolver is not. (4) For arbitrary
A and f holomorphic near the spectrum, f(A) = (2πi)−1

∮
f(z)(z − A)−1dz is evaluated by the

trapezoidal rule on a circle [41], i.e. by batched LU solves, on a circle just around the spectrum, with
the number of nodes doubled until two results agree; the error estimate includes the rounding error of
cancelling terms, and an unconverged result raises an error instead of returning a wrong matrix. An
opt-in cache keeps the eigendecomposition of an operator, so that many functions of it (for example
e−itH for many t) cost matrix products only.

Di�erentiation. All operations are di�erentiable. Gradients propagated naively through eigen-
vectors contain factors 1/(λi − λj) and fail at degenerate spectra, which are typical here (pro-
jections, symmetric operators, extremal operators). The functional calculus f(A) = V f(Λ)V ∗

therefore has its own backward pass: by the Daleckii�Krein formula [42, 43], the derivative of f
at a self-adjoint A is dF = V (L ◦ V ∗dAV )V ∗ with the Loewner matrix of divided di�erences
Lij = (f(λi) − f(λj))/(λi − λj), replaced by f ′ for coinciding eigenvalues, which is �nite when-
ever f is di�erentiable on the spectrum (see also [44]). Gradients with respect to parameters of f
(a time in e−itA) are propagated as usual. The same applies to

√
A, logA, Ap, and to |A| and the

inverse of self-adjoint A, which use the Hermitian eigensolver instead of the SVD. For normal A
the same formula with complex divided di�erences is the derivative of the holomorphic calculus, for
holomorphic f . |A| of a general A is di�erentiated as the square root of A∗A, with Lij = 1/(si + sj),
and the pseudo-inverse by the constant-rank formula; the contour integral is di�erentiated through
the solves. Only gradients through the eigenvectors returned by eigh keep the factors 1/(λi − λj);
the parametrisations of Section 6 avoid them. Operator.eigenvalues() computes spectra without
forming eigenvectors, which also saves time and memory.

GPUs, tensor cores and TF32. The library computes in FP32 or FP64 (real or complex); it does
not use half precision. GPU generations di�er strongly in what this costs. Tensor cores, absent on the
P100 used for the �rst version, accelerate matrix products on Volta and later GPUs; from Ampere
(A100) on, FP32 products may be executed in the TF32 format with a 10-bit mantissa, which is fast
but accurate only to about 10−3 relative. PyTorch (since 1.12) keeps true FP32 for matrix products
by default, and the library does not change this setting; the paper scripts expose a �tf32 switch to
measure the e�ect and record the setting in every table. TF32 is acceptable where the statistical
error dominates (moments and histograms of many samples) and not where small di�erences matter
(eigenvalues near degeneracies, the validation tables, trace inequalities near equality). Eigen- and
singular-value solvers do not use tensor cores. FP64 throughput is half of FP32 on data-centre GPUs
(P100, V100, A100, H100), the latter two with FP64 tensor cores, but only 1/32�1/64 on consumer
GPUs. We therefore recommend a data-centre GPU for double-precision work. The full-size runs
of this paper were made on a consumer GPU (the tables state the hardware); the double-precision
timings there are therefore pessimistic for the GPU.
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Number �eld and precision

Every algebra is created with two independent switches, complex_valued (real or complex matrices)
and precision ('single' or 'double'), giving the storage types float32, float64, complex64 and
complex128; everything built on the algebra (random operators, states, channels, chains, parametri-
sations) inherits them. alg.like(complex_valued=..., precision=...) creates the same sector
structure with other numerics and op.cast(alg2) moves an operator there, e.g. to explore in single
precision and re-evaluate the interesting cases in double precision.

The �eld is part of the model. Choosing real matrices is not only a matter of speed: the sym-
metry group and the random ensembles change. Haar matrices of a real algebra are orthogonal, so
moments, level statistics and extremal values refer to O(n) instead of U(n) (e.g. E|U11|4 = 3/(n(n+2))
instead of 2/(n(n+1)), Table 6); random real symmetric and complex Hermitian matrices have di�er-
ent level statistics, with mean spacing ratios 0.5307 and 0.5996 for GOE and GUE [17] (our samples:
0.5313 and 0.5993). Real arithmetic is exact (loses nothing) when the problem is real: spectra and
eigenvectors of real symmetric matrices, ground states and their entanglement for Hamiltonians with-
out complex hoppings, statistics of time-reversal-invariant systems, and also some extremal problems
� for real X,Y ≥ 0 the supremum of |Tr(XUY )| over unitaries is attained by a real orthogonal
matrix (the polar decomposition of the real matrix Y X is real). Complex matrices are required for
unitary time evolution e−iHt and Lindblad dynamics with a Hamiltonian (the library refuses to run
them in a real algebra), for Haar unitaries, CUE/CSE and SU(n), for random pure states and quanti-
ties such as Page's entropy, and for systems without an antiunitary symmetry squaring to +1 (orbital
�uxes, complex couplings).

Precision. Single precision resolves about 10−7 relative to the largest entry. It is su�cient for
Monte Carlo statistics whose statistical error is much larger (moments, histograms, spacing ratios
with 103�105 samples) and for the �rst, exploratory pass of an optimisation. Double precision is
needed when the quantity of interest is small compared with the operators: an inequality checked
near equality, small spectral gaps, entropies and logarithms of nearly singular states, contrasts close
to 1, comparisons with exact results beyond six digits, long RK4 integrations and optimisation to
high relative accuracy. Table 5 shows how drastic the di�erence can be: the von Neumann entropy of
an almost pure state with eigenvalues of order 10−9 is wrong by more than 100% in single precision,
and the round-o� �oor of a trace inequality that holds with equality is several orders of magnitude
higher in single than in double precision (Table 5).

Cost. An entry takes 4, 8, 8 and 16 bytes for float32, float64, complex64 and complex128, so
memory, and the batch that �ts, changes by a factor up to four (alg.bytes_per_operator(B) reports
it). A complex multiply�add costs about four real ones, which bounds the slowdown of complex matrix
products; for eigen- and singular-value solvers, and for double against single precision on CPUs, the
measured ratios are smaller (Table 4). On GPUs double precision depends on the hardware: data-
centre GPUs execute FP64 at half the FP32 rate, consumer GPUs at 1/32�1/64 of it, so that double
precision there can be an order of magnitude slower. Table 4 gives the measured ratios for the current
run; the recommendation that follows is to use the smallest type that is exact for the model (real if
the problem is real) and the precision that the size of the e�ect requires.

Safeguards. Batched computations make it easy to request hours of work or more memory than
the device has. The cost module therefore (a) times the �rst few items of every large batched
eigen-, singular-value or QR decomposition and matrix exponential and issues a warning with the
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type B/entry MB/batch generate eigh f(A) SVD |A| channel expm opt. step

float32 4 16 1 1 1 1 1 1
float64 8 32 1.2 7.7 21 3.7 2.1 3.4
complex64 8 32 1.1 1.6 1.8 1.8 1.5 1.8
complex128 16 64 3.2 11 65 13 5.4 11

Table 4: Bytes per entry, memory of one batch [MB], and time relative to float32 for C = 16 sectors
of size k = 32 and a batch of 256 operators (full run on NVIDIA GeForce RTX 5090; �oat32 times
per sample: generate: 918µs, eigh f(A): 7.24µs, SVD |A|: 11.4µs, channel: 1.83µs, expm: 4.96µs,
opt. step: 70.9µs).

type max ∥UU∗ − 1∥ ∥
√
A

2 −A∥/∥A∥ rel. error S(ρ), ρ ≈ pure |z| at equality

float32 6.6× 10−7 2.0× 10−6 2.0× 100 5.3× 10−4

float64 1.3× 10−15 4.0× 10−15 6.6× 10−9 1.4× 10−12

complex64 8.3× 10−7 2.3× 10−6 2.3× 100 2.0× 10−4

complex128 1.6× 10−15 4.5× 10−15 8.9× 10−9 1.8× 10−12

Table 5: Accuracy of the same computations in the four storage types: Haar unitaries (n = 64),
SVD square root, entropy of ρ = (1 − ε)|0⟩⟨0| + ε 1/n with ε = 10−7, and the round-o� �oor of
z = Tr(Y |X|Y ) − Tr |Y XY | for commuting X,Y (exactly 0); full run on NVIDIA GeForce RTX
5090.

expected total time when it exceeds a threshold (10 s by default), (b) compares the estimated peak
memory of large allocations with the free memory of the device, warning above 50% and raising an
InsufficientMemoryError above 90%, and (c) after the second step of a time-stepping or optimi-
sation loop, warns with the expected duration if it exceeds the same threshold; a progress bar is
optional. All thresholds can be changed, and the checks can be switched o� locally.

4 Usage by example

The listings of this section are complete programs from man/article/listings; the test suite runs
them, so they stay in sync with the code. Each runs on a CPU in under half a minute and uses a
GPU when available.

Random operators with a prescribed contrast. Listing 1 builds 104 positive operators in
M2 ⊕M3 ⊕M4 whose spectra have contrast 0.6 and whose eigenvectors are Haar-random in every
sector, and evaluates traces and spectral functions.

Listing 1: Random operators (ex1_random_operators.py).
"""Random operators with a prescribed spectrum in M = M_2 (+) M_3 (+) M_4."""

import torch

from torch_vn_algebra import TypeIAlgebra

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

alg = TypeIAlgebra(n_factors=[2, 3, 4], k_factors=[2, 3, 4], device=dev)

B = 10_000 # Monte Carlo samples, processed as one batch

def contrast_sampler(delta):
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"""Spectra in [lo, 1] with lambda_max = 1, lambda_min = lo, i.e. Michelson contrast delta."""

lo = (1 - delta) / (1 + delta)

def sampler(dim):

lam = lo + (1 - lo) * torch.rand(B, dim, device=dev)

lam[:, 0], lam[:, -1] = 1.0, lo

return lam

return sampler

# A_c = U_c diag(lambda) U_c^*, with independent Haar unitaries U_c in every block and sample

X = alg.operator_from_eigenvalues(contrast_sampler(0.6), batch_size=B,

force_positive=True, force_self_adjoint=True)

print(X.matrix.shape) # (10000, 3, 4, 4): batch, sector, padded block

print(X.michelson_contrast[:4]) # 0.6 for every sample

print(X.Tr_blunt().real.mean(), X.Tr_norm().real.mean(), X.tau_vN().real.mean())

# functional calculus through the spectral theorem, block by block

R = X.sqrt()

print((R @ R - X).frobenius_norm().max()) # ~1e-6 in single precision

print(X.apply_function(torch.log).tau_vN().real.mean()) # tau_vN(log X)

States, measurement and trace conventions. Listing 2 conditions random states on the out-
come of a projective measurement (Lüders rule), which moves all probability into one sector, and
checks that expectation values do not depend on the trace used to represent the state.

Listing 2: States and conditioning (ex2_states_measurement.py).
"""States on M, sector probabilities, Lueders conditioning and trace conventions."""

import torch

from torch_vn_algebra import TypeIAlgebra, DensityMatrix, states

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

alg = TypeIAlgebra([2, 3], [2, 3], device=dev) # two superselection sectors

rho = states.random_density_matrix(alg, batch_size=4) # Hilbert-Schmidt random states

print(rho.sector_probabilities()) # p_c = Tr rho_c, rows sum to 1

# measure the projection onto the first basis vector of sector 0

P = alg.from_blocks([torch.diag(torch.tensor([1.0, 0.0])), torch.zeros(3, 3)])

post, prob = rho.condition_on(P) # rho|P = P rho P / Tr(rho P)

print(prob, post.sector_probabilities()) # all weight now in sector 0

# the same state as a density w.r.t. tau_vN: omega(A) = tau_vN(d A) = Tr(rho A)

A = alg.operator_from_eigenvalues(lambda d: torch.randn(4, d), batch_size=4,

force_self_adjoint=True)

d_tau = rho.density('tau_vN')

print(rho.expectation(A).real, (alg.operator(d_tau) @ A).tau_vN().real)

back = DensityMatrix.from_density(alg, d_tau, trace='tau_vN')

print((back.matrix - rho.matrix).abs().max())

A map between sectors. Two fermionic modes have sectors N = 0, 1, 2 of dimensions 1, 2, 1.
Particle loss with Kraus operators

√
1− gN ,

√
g a1,

√
g a2 (0 ≤ g ≤ 1

2) maps sector N to N and
N − 1. Listing 3 builds it from its blocks; the classical part is the transition matrix of a pure death
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process (columns: from N = 0, 1, 2; rows: to N = 0, 1, 2),

T =

1 g 0
0 1− g 2g
0 0 1− 2g

 ,

which the program prints. The last lines illustrate a simple fact: a unital positive map cannot increase
the Michelson contrast, since λmin1 ≤ A ≤ λmax1 implies the same bounds for Φ(A); the non-unital
loss channel increases it for most samples.

Listing 3: Particle loss between sectors (ex3_channels.py).
"""Particle loss between charge sectors of two fermionic modes, as an InterSectorChannel."""

import torch

from torch_vn_algebra import TypeIAlgebra, InterSectorChannel, channels, states

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

# sectors N = 0, 1, 2 with bases |00>; |10>, |01>; |11>

alg = TypeIAlgebra([1, 2, 1], [1, 2, 1], device=dev)

g = 0.2 # loss probability per particle

s, z = g ** 0.5, torch.zeros

# Kraus operators K_0 = sqrt(1 - g N), K_1 = sqrt(g) a_1, K_2 = sqrt(g) a_2, split into blocks (d, c)

blocks = {

(0, 0): [torch.ones(1, 1)],

(1, 1): [(1 - g) ** 0.5 * torch.eye(2)],

(2, 2): [(1 - 2 * g) ** 0.5 * torch.ones(1, 1)],

(0, 1): [z(1, 2), s * torch.tensor([[1.0, 0.0]]), s * torch.tensor([[0.0, 1.0]])],

(1, 2): [z(2, 1), s * torch.tensor([[0.0], [1.0]]), s * torch.tensor([[-1.0], [0.0]])],

}

loss = InterSectorChannel.from_blocks(alg, alg, blocks)

print(loss.is_trace_preserving())

print(loss.transition_matrix()[0]) # classical death process on N

rho = states.random_density_matrix(alg, batch_size=3)

print(loss(rho).sector_probabilities()) # still a DensityMatrix

# unital channels cannot increase the Michelson contrast, non-unital ones can

X = alg.operator_from_eigenvalues(lambda d: 0.5 + torch.rand(1000, d, device=dev),

batch_size=1000, force_positive=True)

mix = channels.random_mixed_unitary_channel(alg, 3, batch_size=1000)

print(bool((mix(X).michelson_contrast <= X.michelson_contrast + 1e-6).all()))

print((loss(X).michelson_contrast > X.michelson_contrast).float().mean())

Open-system dynamics. Listing 4 integrates spontaneous emission of a two-level atom with the
RK4 solver and with the exact exponential of the Lindblad generator, and compares both with
Pe(t) = Pe(0)e

−γt and |ρeg(t)| = |ρeg(0)|e−γt/2.

Listing 4: Spontaneous emission (ex4_dynamics.py).
"""Spontaneous emission of a two-level atom: Lindblad evolution against the exact solution."""

import math

import torch

from torch_vn_algebra import TypeIAlgebra, DensityMatrix, dynamics

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

alg = TypeIAlgebra([2], [2], device=dev, precision='double')
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omega, gamma = 1.0, 0.3

H = alg.from_blocks([torch.diag(torch.tensor([0.5 * omega, -0.5 * omega]))]) # basis |e>, |g>

L = alg.from_blocks([torch.tensor([[0.0, 0.0], [1.0, 0.0]])]) # sigma_- = |g><e|

psi = torch.tensor([0.6, 0.8], dtype=torch.complex128)

rho0 = DensityMatrix(alg, matrix=torch.outer(psi, psi.conj())[None, None].to(dev))

times = [0.0, 1.0, 2.0, 5.0]

rk4 = dynamics.lindblad_evolve(rho0, H, [L], times, rates=[gamma], substeps=100)

for t, rho in zip(times, rk4):

exact = dynamics.lindblad_channel(alg, H, [L], t=t, rates=[gamma])(rho0) # exp(tL)

p_e = 0.36 * math.exp(-gamma * t) # analytic excited population

coh = 0.48 * math.exp(-gamma * t / 2) # analytic |rho_eg|

m = rho.matrix[0, 0]

print(f"t={t}: P_e {m[0, 0].real:.6f} (exact {p_e:.6f}), |rho_eg| {m[0, 1].abs():.6f} "

f"(exact {coh:.6f}), RK4 vs exp(tL): {(rho.matrix - exact.matrix).abs().max():.1e}")

Tensor products. Listing 5 estimates the mean entanglement entropy of random pure states on
Cm ⊗ Cn and compares it with Page's formula [13].

Listing 5: Page entropy (ex5_page_entropy.py).
"""Average entanglement entropy of random pure states on C^m (x) C^n (Page, 1993)."""

import torch

from torch_vn_algebra import TypeIAlgebra, tensor_product, partial_trace, states

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

m, n, B = 4, 8, 20_000

A = TypeIAlgebra([m], [m], device=dev, precision='double')

Bsys = TypeIAlgebra([n], [n], device=dev, precision='double')

AB = tensor_product(A, Bsys)

psi = states.random_density_matrix(AB, batch_size=B, rank=1) # Haar-random pure states

S = states.von_neumann_entropy(partial_trace(psi, keep=1)) # entropy of rho_A

page = sum(1.0 / k for k in range(n + 1, m * n + 1)) - (m - 1) / (2 * n)

print(f"<S_A> = {S.mean():.5f} +- {S.std() / B ** 0.5:.5f}, Page: {page:.5f}")

Searching for a violation. Listing 6 compares Haar sampling with batched gradient ascent for
supU

(
|Tr(XUY )| − Tr(XY )

)
, whose exact value ∥Y X∥1 − Tr(XY ) is positive for non-commuting

X,Y ≥ 0. Section 6 studies this systematically.

Listing 6: Sampling versus optimisation (ex6_inequality_search.py).
"""Searching for violations of |Tr(XUY)| <= Tr(XY): random sampling versus gradient ascent."""

import torch

from torch_vn_algebra import TypeIAlgebra

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

torch.manual_seed(0)

k = 16

alg = TypeIAlgebra([k], [k], device=dev, precision='double')

pos = lambda d: 0.2 + torch.rand(1, d)

X = alg.operator_from_eigenvalues(pos, force_positive=True, force_self_adjoint=True)

Y = alg.operator_from_eigenvalues(pos, force_positive=True, force_self_adjoint=True)

trXY = (X @ Y).trace.real
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def z(U): # z(U) = |Tr(XUY)| - Tr(XY), batched over U

return (X @ U @ Y).trace.abs() - trXY

# 1) Monte Carlo over Haar unitaries

print("sampling, 10^5 Haar U:", z(alg.random_unitary_operator(100_000)).max().item())

# 2) gradient ascent over U = U0 exp(G - G^*), 64 random starts optimised in parallel;

# the exponential chart is re-centred at the current point every 50 steps

U0 = alg.random_unitary_operator(64).matrix

for _ in range(10):

G = torch.zeros(64, 1, k, k, dtype=alg.hilbert.dtype, device=dev, requires_grad=True)

opt = torch.optim.Adam([G], lr=0.05)

for step in range(50):

U = alg.operator(U0) @ alg.operator(G - G.conj().transpose(-2, -1)).expm()

loss = -z(U).sum()

opt.zero_grad()

loss.backward()

opt.step()

U0 = U.matrix.detach()

print("gradient ascent: ", z(alg.operator(U0)).max().item())

# exact supremum: sup_U |Tr(U YX)| = ||YX||_1

print("exact sup: ", ((Y @ X).trace_norm() - trXY).item())

Spin chains. Listing 7 works with a Heisenberg ring of ten spins. A uniform �eld moves the ground
state through the sectors until the chain is fully polarised above the saturation �eld hs = 2J (above
it the ground state is the all-down state N = 0 for our sign +

∑
i hiS

z
i ; the last crossing is with

the one-magnon level at k = π); 100 realisations of random �elds are diagonalised in one batch to
compute the mean level-spacing ratio; and the entanglement entropy of the ground state is computed
from reduced states. Section 7 checks these tools against exact results.

Listing 7: Spin chains (ex7_spin_chain.py).
"""Spin chains with conserved S^z: sectors, disorder averages and entanglement."""

import torch

from torch_vn_algebra import SpinChain, DensityMatrix

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

chain = SpinChain(L=10, boundary='periodic', device=dev) # sectors N = 0..10, dims binom(10, N

)

print(chain.algebra.k_factors)

# Heisenberg ring in a uniform field: the ground state changes sector as h grows

for h in (0.0, 1.0, 2.5):

w = [blk[0] for blk in chain.heisenberg(h=h).eigenvalues()]

print(f"h={h}: ground state in sector N={min(range(11), key=lambda N: w[N].min())}")

# random fields h_i ~ U[-W, W]: 100 disorder realisations in one batch, sector N = 5 only

for W in (0.5, 8.0):

H = chain.random_field_heisenberg(W, batch_size=100, sector=5)

E = H.eigenvalues()[0] # (100, 252)

r = SpinChain.level_spacing_ratio(E[:, 63:189]).mean()

print(f"W={W}: <r> = {r:.3f} (GOE 0.531, Poisson 0.386)")

# entanglement entropy of the ground state of the clean chain, left block of n sites
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E, V = chain.heisenberg(sector=5).eigh()[0]

psi = V[0, :, 0]

rho = DensityMatrix(chain.sector_algebra(5), matrix=torch.outer(psi, psi.conj())[None, None])

print([round(chain.entanglement_entropy(rho, n, sector=5).item(), 4) for n in range(1, 6)])

Large sectors and open chains. Dense matrices of a sector of dimension
(

L
L/2

)
stop �tting at

about L = 16�18. Listing 8 uses the sparse form of the Hamiltonian (a batch of diagonals and one
shared hopping matrix) with Lanczos and Krylov solvers, splits a ring into momentum sectors, and
lets particles leak out of the chain through Lindblad jumps between sectors.

Listing 8: Large sectors and open chains (ex8_large_and_open_chains.py).
"""Beyond dense matrices: Lanczos, Krylov evolution, momentum sectors and particle loss."""

import math

import torch

from torch_vn_algebra import SpinChain, krylov, dynamics

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

# Lanczos in a sector of dimension binom(16, 8) = 12870, sparse Hamiltonian

ring = SpinChain(16, 'periodic', complex_valued=False, device=dev)

E0, psi, res = krylov.ground_state(ring.xxz_sparse(sector=8))

print(f"Heisenberg ring L=16: E0 = {E0.item():.9f} (exact -7.142296361), residual {res.item():.1e}")

# Krylov evolution of a domain wall in the XX chain, L = 14 (sector dimension 3432)

chain = SpinChain(14, device=dev)

psi0 = chain.vector_in_sector('1' * 7 + '0' * 7)

psi_t = krylov.evolve(chain.xxz_sparse(J=1.0, Delta=0.0, sector=7), psi0[None], [0.0, 3.0])

mag = (psi_t[-1, 0].abs() ** 2) @ chain.bits(7).to(torch.float64) - 0.5

print("S^z_i(t=3):", [round(x, 3) for x in mag.tolist()])

# translation symmetry: blocks of fixed momentum k = 2 pi m / L inside the sector N = 5 of a ring of

10

ring10 = SpinChain(10, 'periodic', device=dev)

Hk = ring10.xxz_momentum(J=1.0, Delta=1.0, sector=5)

print("momentum block sizes:", ring10.momentum_dims(5))

e0 = {m: w[0].min().item() for m, w in zip(Hk.algebra.charges, Hk.eigenvalues())}

print("ground state momentum m =", min(e0, key=e0.get), "(pi for L/2 odd)")

# particle loss S-_i on every site with rate g: the sector distribution stays binomial

small = SpinChain(5, 'periodic', device=dev)

rho = dynamics.lindblad_evolve(small.basis_state('11011'), small.xxz(1.0, 0.7),

[small.lowering(i) for i in range(5)], [0.0, 1.0], rates=[0.4] * 5)

[-1]

q = math.exp(-0.4)

print("p_N(t=1):", [round(x, 6) for x in rho.sector_probabilities()[0].tolist()])

print("binomial:", [round(math.comb(4, n) * q ** n * (1 - q) ** (4 - n), 6) for n in range(5)] +

[0.0])

A noisy quantum circuit with a conserved quantity. The quantum alternating operator ansatz
solves constrained optimisation problems with �XY mixers� (normalised here asHM = 1

4

∑
⟨ij⟩(XiXj+

YiYj), the XXZ form with J = 1, ∆ = 0) that keep the Hamming weight of the computational basis
states, so the evolution stays in the feasible subspace [29]. In the language of this paper the qubit
register carries the algebra

⊕n
N=0M(n

N)
of Hamming-weight sectors, the mixer is an element of it,
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amplitude damping (time T1) is a Lindblad jump between sectors and pure dephasing (time Tφ,
which together with T1 sets the coherence time T2, 1/T2 = 1/(2T1) + 1/Tφ) a jump inside them,
and reading out the Hamming weight is the measurement of a central projection. Listing 9 evolves
|111000⟩ (weight w = 3) on a ring of six qubits under HM for a time T = 2 with both kinds of noise,
jump operators S−

i at rate γ1 (damping) and Sz
i = 1

2Zi at rate γ2 (dephasing), so that T1 = 1/γ1,
1/Tφ = γ2/2 and 1/T2 = (γ1 + γ2)/2, and post-selects on the initial weight. With damping only
(equal rates on all qubits), the post-selected �delity is exactly one and the acceptance probability is
e−wγ1T : the no-jump evolution is generated by H − i

2γ1N , and N is central, so it only rescales the
state. This exact statement is part of the test suite. Dephasing stays inside the sector and is not
detected; because N is central, the post-selected state does not depend on γ1 even with dephasing
(�delity with the noiseless state):

γ1 γ2 P (weight 3) �delity after post-selection

0.02 0 0.8869 0.8869 1.0000
0 0.02 1.0000 0.9730 0.9730

0.02 0.02 0.8869 0.8629 0.9730
0.1 0.1 0.5488 0.4805 0.8755

Listing 9: XY mixer with amplitude damping, dephasing and post-selection
(ex9_qaoa_xy_mixer.py).
"""

Quantum-computing example: an XY mixer (QAOA for constrained problems) on 6 qubits keeps the

Hamming weight, i.e. it acts inside one sector of M = (+)_N M_binom(6,N). Amplitude damping (T1)

moves weight to lower sectors, pure dephasing does not; measuring the Hamming weight - a central

projection of M - detects the first kind of error and post-selection restores part of the fidelity.

"""

import torch

from torch_vn_algebra import SpinChain, dynamics, states

torch.manual_seed(0) # reproducible output

dev = 'cuda' if torch.cuda.is_available() else 'cpu'

n, w, T = 6, 3, 2.0 # qubits, Hamming weight, evolution time

qubits = SpinChain(n, 'periodic', device=dev) # ring of qubits, sectors = Hamming

weights

H = qubits.xxz(J=1.0, Delta=0.0) # XY mixer sum (X_i X_j + Y_i Y_j) / 4

rho0 = qubits.basis_state('111000') # feasible initial state, weight 3

ideal = dynamics.von_neumann(rho0, H, [T])[0] # noiseless reference (pure)

P = qubits.algebra.central([1.0 if N == w else 0.0 for N in range(n + 1)]) # Hamming-weight

projector

T1_jumps = [qubits.lowering(i) for i in range(n)] # |1> -> |0>: between sectors

dephasing_jumps = [qubits.sz(i) for i in range(n)] # pure dephasing: inside sectors

print(" gamma1 gamma2 P(weight 3) fidelity fidelity after post-selection")

for g1, g2 in ((0.0, 0.0), (0.02, 0.0), (0.0, 0.02), (0.02, 0.02), (0.1, 0.1)):

rho = dynamics.lindblad_evolve(rho0, H, T1_jumps + dephasing_jumps, [0.0, T],

rates=[g1] * n + [g2] * n, substeps=80)[-1]

post, p_ok = rho.condition_on(P) # Lueders rule for the central

projection

F = states.trace_of_product(rho, ideal).real.item() # <psi_ideal| rho |psi_ideal>

F_post = states.trace_of_product(post, ideal).real.item()

print(f" {g1:5.2f} {g2:5.2f} {p_ok.item():10.4f} {F:8.4f} {F_post:8.4f}")
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5 Validation against exact results

Table 6 compares Monte Carlo estimates produced with the library (double precision) with exact
values: fourth moments of Haar unitaries and orthogonal matrices; the Weingarten-calculus value
E τ

(
(AUBU∗)2

)
= −1/(n2−1) for traceless involutions A = B and Haar U inMn(C); Page's formula

for ⟨S(ρA)⟩; and the mean purity (k + r)/(kr + 1) of induced random states of rank r [14]. The last
column is the deviation in units of the standard error; for a correct sampler these should look like
standard normal deviates. For the circular ensembles the Wigner surmise is only an approximation
to the exact spacing distribution, so no z-score is given; Figure 1 shows the distributions, with L1

distances 0.022, 0.007 and 0.006 for β = 1, 2, 4 from the surmise; level repulsion P (s) ∼ sβ is clearly
visible. The spontaneous-emission example agrees with the analytic solution to 2.2 × 10−16 (exact
exponential) and 2.1× 10−8 (RK4).

quantity parameters exact Monte Carlo std. error z

E|U11|4, U(n) n = 2 0.333333 0.333604 4.7× 10−4 +0.6
E|U11|2, U(n) n = 2 0.5 0.500277 4.6× 10−4 +0.6
E|U11|4, U(n) n = 4 0.1 0.10028 2.2× 10−4 +1.3
E|U11|4, U(n) n = 8 0.0277778 0.0277966 7.5× 10−5 +0.3
E|U11|4, U(n) n = 16 0.00735294 0.00735803 2.3× 10−5 +0.2
E|U11|4, U(n) n = 32 0.00189394 0.00189625 6.2× 10−6 +0.4
E|U11|2, U(n) n = 32 0.03125 0.0312403 4.8× 10−5 -0.2
E|U11|4, O(n) n = 2 0.375 0.375106 5.8× 10−4 +0.2
E|U11|2, O(n) n = 2 0.5 0.500155 5.6× 10−4 +0.3
E|U11|4, O(n) n = 4 0.125 0.125085 3.1× 10−4 +0.3
E|U11|4, O(n) n = 8 0.0375 0.0376573 1.3× 10−4 +1.2
E|U11|4, O(n) n = 16 0.0104167 0.0104046 4.3× 10−5 -0.3
E|U11|4, O(n) n = 32 0.00275735 0.0027558 1.2× 10−5 -0.1
E|U11|2, O(n) n = 32 0.03125 0.0312731 6.7× 10−5 +0.3
E τ((AUBU∗)2) n = 4 -0.0666667 -0.0661548 6.3× 10−4 +0.8
E τ((AUBU∗)2) n = 8 -0.015873 -0.0159874 2.8× 10−4 -0.4
E τ((AUBU∗)2) n = 16 -0.00392157 -0.00414221 1.4× 10−4 -1.6
⟨s2⟩, COE n = 64 1.27324 1.28582 3.7× 10−4 �
⟨s2⟩, CUE n = 64 1.1781 1.18024 2.4× 10−4 �
⟨s2⟩, CSE n = 64 1.10447 1.10392 2.0× 10−4 �
⟨S(ρA)⟩ m = 2, n = 16 0.646516 0.646516 1.6× 10−4 0.0
⟨S(ρA)⟩ m = 8, n = 16 1.83367 1.83388 1.7× 10−4 +1.2
⟨S(ρA)⟩ m = 16, n = 16 2.27487 2.27495 1.4× 10−4 +0.6
ETr ρ2 k = 4, r = 2 0.666667 0.666312 3.2× 10−4 -1.1
ETr ρ2 k = 4, r = 4 0.470588 0.470523 2.1× 10−4 -0.3
ETr ρ2 k = 16, r = 4 0.307692 0.307726 6.4× 10−5 +0.5
ETr ρ2 k = 16, r = 16 0.124514 0.124527 1.7× 10−5 +0.8

Table 6: Monte Carlo estimates versus exact values (for ⟨s2⟩ the Wigner surmise, an approximation,
hence no z); samples: 400000 per Haar moment, 400000 per Weingarten row, 20000 matrices per
circular ensemble, 50000 states per Page row, 100000 per purity row (full run on NVIDIA GeForce
RTX 5090, PyTorch 2.14.1+cu130).

Trace functionals. The three traces are checked on random non-Hermitian operators inM2⊕M3⊕
M5 (Table 7): normalisation on the identity (

∑
c kc, C and 1), the tracial property tr(AB) = tr(BA),

invariance under unitaries of M, and positivity tr(A∗A) > 0 (faithfulness); the last column is the

17



0.0 0.5 1.0 1.5 2.0 2.5 3.0
s

0.0

0.2

0.4

0.6

0.8

1.0

1.2

P(
s)

COE ( = 1), N = 64
library
Wigner surmise

0.0 0.5 1.0 1.5 2.0 2.5 3.0
s

CUE ( = 2), N = 64

0.0 0.5 1.0 1.5 2.0 2.5 3.0
s

CSE ( = 4), N = 64

2 4 6 8 10 12 14 16
m = dim HA

1.0

1.5

2.0

S(
A
)

n = dim HB = 16
Page's formula
library

Figure 1: Top: nearest-neighbour spacings of COE, CUE and CSE eigenphases generated by the
library (n = 64, 20000 matrices per ensemble), against the Wigner surmise. Bottom: mean entangle-
ment entropy of random pure states against Page's formula (50000 states per point) (error bars: two
standard errors).

smallest ratio tr(A∗A)/∥A∥2F over the samples, which is bounded below by mincwc. The relation
Trnorm = C τvN holds to 9.0 × 10−16. All three return values in the number �eld of the algebra
(complex traces of non-Hermitian operators).

trace error of tr(1) max | tr(AB)− tr(BA)| max | tr(UAU∗)− tr(A)| min tr(A∗A)/∥A∥2F
Trblunt 0 4.0× 10−15 5.9× 10−15 1.000
Trnorm 0 1.4× 10−15 1.9× 10−15 0.223
τvN 0 4.4× 10−16 6.1× 10−16 0.074

Table 7: Identities of the three trace functionals, 2000 random operators in double precision; full run
on NVIDIA GeForce RTX 5090.

6 From sampling to optimisation

The �rst version of this work [1] studied three trace functionals by Monte Carlo:

Exp. 1: z = |Tr(XUY )| − Tr(XY ), X, Y ≥ 0, U ∈ M unitary,

Exp. 2: z = Tr |XY | − Tr(|X| |Y |), X = UX0, Y = V Y0, X0, Y0 ≥ 0, U, V ∈ M unitary,

Exp. 3: z = Tr(Y |X|Y )− Tr |Y XY |, X = X∗, Y ≥ 0,
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with Tr = Trblunt, operators normalised to λmax = 1, and the contrasts of the operators as parameters
(for the self-adjoint X of Exp. 3 and the factors of Exp. 2, the contrasts of |X|, |Y |). Two observations
motivate a di�erent approach.

Sampling misses the extremes. For �xed X,Y the supremum in Exp. 1 is known exactly,
supU z = ∥Y X∥1 − Tr(XY ) > 0. Table 8 and Figure 2 show that the best of 1 000 000 Haar samples
falls short of the supremum for every k, misses the violation for all pairs from k = 4 on, and moves
further away from it as k grows, while batched gradient ascent (128 starts, 500 steps) �nds it to a
relative error of at most 3× 10−5 (Table 8). This is concentration of measure: the unitaries close to
the maximiser form a set whose Haar measure decays rapidly with the dimension. This search is done
in the complex algebra Mk(C) (C = 1, eigenvalues of X,Y uniform in [0.2, 1.2], double precision);
the same concentration e�ect explains the absence of violations in the (real) Monte Carlo samples for
k = 16 reported in [1]: it is a property of the sampling, not of the inequality.

k violation found sup z/TrXY best sample ascent rel. error time [s]
sampling ascent z/TrXY median max sampl. ascent

2 14/16 16/16 7.1× 10−4 5.6× 10−4 1.2× 10−8 5.4× 10−6 64 2.8
4 0/16 16/16 2.3× 10−3 −0.12 4.4× 10−8 3.1× 10−6 66 2.8
8 0/16 16/16 5.6× 10−3 −0.48 2.9× 10−7 2.0× 10−6 70 2.8
16 0/16 16/16 6.7× 10−3 −0.72 2.4× 10−6 3.9× 10−6 88 2.7
32 0/16 16/16 8.9× 10−3 −0.86 7.4× 10−6 1.6× 10−5 1.8e+02 6.6
64 0/16 16/16 7.0× 10−3 −0.93 2.0× 10−5 2.8× 10−5 2.7e+02 11

Table 8: Exp. 1 for �xed random X,Y in Mk(C) (eigenvalues uniform in [0.2, 1.2], double precision):
Haar sampling versus gradient ascent (medians over 16 pairs; full run on NVIDIA GeForce RTX
5090).
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Figure 2: Best z found by sampling and by gradient ascent, relative to Tr(XY ), against the exact
supremum (symmetric log scale).

Constrained optimisation. The natural objects are the envelopes

z(δ) = sup{z : ∆(X) = δ}, z(δ) = inf{z : ∆(X) = δ},
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(and the same with ∆(Y ), or with both contrasts prescribed), the supremum being taken over all
remaining variables. The module optimize parametrises the constraint set exactly: the spectrum is
λmax = 1, λmin = (1−δ)/(1+δ) and the other eigenvalues in between, as λmin+(1−λmin)(1+sin θ)/2
(unlike a sigmoid, this reaches both ends at �nite θ; extremal spectra often have all eigenvalues at the
ends); the two eigenvalue positions that carry λmax and λmin are drawn at random per start, in the
same sector or in di�erent ones, so that the starts together cover a dense subset of the constraint set,
the eigenvectors are U = U0e

G−G∗
with a Haar-random U0 per start and a chart that is re-centred

after every round. For Exp. 3 the signs of the eigenvalues of X are discrete variables: the number of
negative eigenvalues is drawn per sector (for half of the starts as one fraction common to all sectors),
and between the gradient rounds single signs are �ipped where this improves z. Every iterate is an
admissible point, so the best value seen per start is kept. Every grid point and every start is one
element of the batch, so each envelope (supremum or in�mum along one contrast) is computed in
one batched optimisation. All envelopes are computed in real algebras (real symmetric X,Y and
orthogonal U), the setting of the Monte Carlo study of [1].

Figures 3 and 4 and Table 9 show the result. The search is local, so the computed envelopes
are checked in three independent ways. (i) Where an envelope is known in closed form (below), it
is compared with the formula. (ii) Since z is additive over orthogonal blocks (in Exp. 1 the trace
|Tr(XUY )| is only subadditive, but replacing U by −U on a block aligns the phases of the block
traces, so the bound below holds) and the contrast of a direct sum is the largest contrast of its
summands, a direct sum of kC/2 copies of a solution for k = 2, C = 1 is an admissible con�guration:
with s(δ) the upper envelope for k = 2, C = 1,

zk,C(δ) ≥ s(δ) +
(
kC
2 − 1

)
max
δ′≤δ

s(δ′) (k even),

and the same with min for the lower envelopes; the computed envelopes must not lie below this value
(above, for the in�ma). (iii) Each Monte Carlo sample of [1] and each of � structured samples is
checked against both envelopes, along ∆(X) and along ∆(Y ); samples that fall outside the linear
interpolation between grid points are re-optimised at their exact contrast. The structured samples
are computed with plain NumPy: all spectra take only the two values 1 and λmin, and the eigenbases
and U are random signed permutations composed with direct sums of 2 × 2 rotations. Unlike Haar
samples they come close to the extremal con�gurations in every dimension, so they test the optimiser
where Monte Carlo cannot. Of the 468186 Monte Carlo samples with both contrasts in the grid
(11814 have a contrast above 0.999), 0 remain outside after re-optimisation, and � of the structured
samples; the envelopes fall short of the direct sums (ii) by at most �% of the largest value of the
curve. For a single sector of size k = 2 the Haar samples come close to the envelopes; with two
sectors they already miss a substantial part of the range (Table 9), and for larger k or C they stay in
a narrow band far from both envelopes (Figure 3, bottom row; Table 8): the extremes are attained
at degenerate spectra with aligned eigenbases, a set that Haar sampling essentially never reaches.

Four envelopes can be checked analytically. In Exp. 3, z ≥ 0 always:

Proposition 1. For X = X∗ and Y ≥ 0, Tr |Y XY | ≤ Tr(Y |X|Y ), with equality if and only if

Y X+Y
2X−Y = 0, in particular if Y commutes with X.

Proof. With X = X+ − X−, |X| = X+ + X−, the triangle inequality for the trace norm gives
∥Y X+Y − Y X−Y ∥1 ≤ Tr(Y X+Y ) + Tr(Y X−Y ); for positive A,B, ∥A − B∥1 = TrA + TrB if and
only if AB = 0. If XY = Y X, then Y X+Y

2X−Y = Y 4X+X− = 0.

The computed lower envelope of Exp. 3 is zero to within 3× 10−9. In Exp. 1, the lower envelope for
prescribed ∆(X) = δ equals −(kC − 2δ/(1 + δ)) when all sectors have size k ≥ 2: Tr(XY ) ≤ TrX ≤
kC−1+λmin(X) with equality for Y = 1, while |Tr(UY X)| can be made zero by a cyclic permutation
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of the eigenbasis of Xc in every sector. The optimiser reproduces this curve to a relative deviation of
1.0e-02 (along either contrast: in a real algebra Tr(XUY ) = Tr(Y UTX), so X and Y exchange roles).
In Exp. 2, |X| = X0 and |Y | = Y0 and the unitary U drops out, so z = ∥X0V Y0∥1 −Tr(X0Y0). Since
V and the eigenbases act sector by sector, von Neumann's trace inequality ∥AB∥1 ≤

∑
i si(A)si(B),

its lower counterpart ∥AB∥1 ≥
∑

i si(A)sk+1−i(B) and rearrangement give, for given spectra,

sup z = − inf z =
∑
c

∑
i

x↓c,i
(
y↓c,i − y↑c,i

)
,

with x↓c,i the eigenvalues of Xc in decreasing order and y
↓
c,i, y

↑
c,i those of Yc in decreasing and increasing

order. Pairing i with k + 1 − i,
∑

i x
↓
c,i(y

↓
c,i − y↑c,i) =

∑
i≤k/2(x

↓
c,i − x↓c,k+1−i)(y

↓
c,i − y↓c,k+1−i) ≤

⌊k/2⌋(1 − λmin(X))(1 − λmin(Y )), with equality for two-level spectra. Hence, for sectors of sizes kc,
sup z = − inf z =

∑
c⌊kc/2⌋(1 − λmin(X))(1 − λmin(Y )), and for C sectors of size k, ∆(|X|) = δ

prescribed and ∆(|Y |) ≤ 0.999 free,

sup z = − inf z = C
⌊k
2

⌋ 2δ

1 + δ

(
1− 0.001

1.999

)
,

which tends to C⌊k/2⌋ 2δ
1+δ as ∆(|Y |) → 1. The optimiser reproduces the upper and lower envelopes

of Exp. 2 for all eight con�gurations, along either contrast, to a relative deviation of 6.9e-04. For
k = 2, C = 1 the computed upper envelopes of Exp. 1 and Exp. 3 along ∆(X) = δ, with the free
contrast capped at D = 0.999, agree with δ2D2/((1+δ)(1+D)) and (1−δ) (2D/(1+D))2 (for D → 1:
δ2/(2(1+δ)) and 1−δ) to a relative deviation of 4.8e-03 and 4.0e-03; we have no proof of these closed
forms. For larger k and C the upper envelopes of Exp. 1 and Exp. 3 are, to our knowledge, not known
in closed form; the computed curves are lower bounds for them (a local search), consistent with the
direct sums (ii), and suggest conjectures for sharp contrast-dependent inequalities (for instance, that
the direct sums are optimal), which we leave for future work.

6.1 Rediscovering the data-processing thresholds of the Rényi divergences

The envelopes above are largely unknown. A test of the method on an inequality whose range of
validity is known exactly is to ask it where that range ends, without telling it. For states ρ, σ on M
(densities with respect to Trblunt) and α ∈ (0, 1) ∪ (1,∞) the Petz [45] and the sandwiched [47, 48]
Rényi divergences are

Dα(ρ∥σ) =
1

α− 1
log Tr

(
ρασ1−α

)
, D̃α(ρ∥σ) =

1

α− 1
log Tr

(
σ

1−α
2α ρ σ

1−α
2α

)α
.

Both tend to the Umegaki relative entropy D(ρ∥σ) = Tr ρ(log ρ− log σ) as α→ 1; D̃α ≤ Dα, D̃1/2 =

− logF (ρ, σ) with the �delity F = ∥√ρ
√
σ∥21, and D̃α → Dmax as α→ ∞. The module divergences

evaluates them, batched and di�erentiable (Daleckii�Krein gradients), with exact support conventions
(powers are taken on the numerical support, and the divergence is +∞ for α > 1 when supp ρ ̸≤
suppσ), as logarithms of sums over sectors, so that large α neither over�ows nor under�ows. On M
they split into a classical part and the conditional divergences of the sectors, and they do not depend
on the trace used to represent the states (the central weights cancel); the tests compare them with
dense references and check these properties.

The data-processing inequality D(Φ(ρ)∥Φ(σ)) ≤ D(ρ∥σ) for all channels Φ holds for the Petz
divergences for α ∈ (0, 1) ∪ (1, 2] [45] and for the sandwiched ones for α ≥ 1

2 [49, 50, 47, 48];
outside these ranges it fails in general. For the relative entropy, equality characterises the chan-
nels that can be reversed on ρ and σ, and the reversal is the Petz recovery map [46] Rσ,Φ(X) =
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Figure 3: Envelopes from constrained optimisation versus sampling for the three trace functionals
(rows 1�3: k = 2, C = 1; row 4: Exp. 2 for k = 16, C = 1). Horizontal axis: Michelson contrast
of the �rst operator (left) or of the second operator (right); vertical axis: z for operators normalised
to λmax = 1. Grey: the Monte Carlo samples of [1] (Haar eigenbases, uniform spectra); orange:
structured samples (two-level spectra, permutation and rotation bases; computed with NumPy, in-
dependently of the library); red and blue: the upper and lower envelopes found by constrained
optimisation, the other contrast being free; dashed: envelopes known in closed form; dotted: direct
sums of the k = 2, C = 1 solution (where they apply). No sample lies outside the envelopes beyond
the counts in Table 9. In the smallest case the Haar samples �ll the region between the envelopes;
for k = 16 (row 4) they stay in a narrow band around z = 0, while the structured samples and the
exact envelopes ±8 · 2δ

1+δ (1−
0.001
1.999) show how far the range really extends. In Exp. 1 the region z > 0

(violation of |Tr(XUY )| ≤ Tr(XY )) extends to the value of sup z in Table 9; in Exp. 3 the lower
envelope is the proven bound z ≥ 0.
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Exp. k C inf z sup z Monte Carlo range of z outside

1 2 1 −1.999 +0.2492 [−1.98, +0.227] 0
1 2 2 −3.998 +0.4943 [−3.39, +0.328] 0
1 2 16 −32 +3.73 [−20, −4.37] 0
1 2 32 −64 +7.28 [−36.4, −15.9] 0
1 16 1 −16 +1.913 [−15.5, −2.18] 0
1 16 2 −32 +3.706 [−29, −5.73] 0
1 16 16 −256 +28.55 [−166, −89] 0
1 16 32 −512 +57.05 [−295, −193] 0
2 2 1 −0.9985 +0.9988 [−0.921, +0.975] 0
2 2 2 −1.989 +1.991 [−1.43, +1.72] 0
2 2 16 −15.86 +15.85 [−3.33, +3.83] 0
2 2 32 −31.7 +31.68 [−5.22, +6.1] 0
2 16 1 −7.948 +7.944 [−0.526, +0.89] 0
2 16 2 −15.88 +15.88 [−0.549, +0.869] 0
2 16 16 −126.9 +126.9 [−1.12, +2.29] 0
2 16 32 −253.7 +253.8 [−1.07, +3.1] 0
3 2 1 0 +0.9981 [0, +0.946] 0
3 2 2 0 +1.989 [0, +1.39] 0
3 2 16 0 +14.86 [+0.00115, +3.02] 0
3 2 32 0 +25.63 [+0.0764, +4.51] 0
3 16 1 0 +7.958 [−7.63e− 06, +2.15] 0
3 16 2 0 +15.89 [+1.72e− 05, +3.33] 0
3 16 16 0 +116.8 [+1.9, +12.7] 0
3 16 32 0 +223 [+6.11, +20.1] 0

Table 9: Global extremes of z over both envelopes and contrasts in [0, 0.999] found by constrained
optimisation (real algebras, orthogonal U), the range of the Monte Carlo samples with both contrasts
in that interval, and the number of samples outside the envelopes (along either contrast) after re-
optimisation (64 starts per grid point, 500 steps; full run on NVIDIA GeForce RTX 5090); a sample
counts as outside if it exceeds the envelope by more than 10−6 + 10−3max |z|; ���: no Monte Carlo
data of [1] for this con�guration. Monte Carlo values of z slightly below 0 in Exp. 3 (where z ≥ 0 is
proved) are single-precision round-o� of the samples of [1].

σ1/2Φ∗(Φ(σ)−1/2XΦ(σ)−1/2
)
σ1/2, which satis�es Rσ,Φ(Φ(σ)) = σ. The module provides it for chan-

nels within and between sectors, together with its rotated versions and the universal recovery map
Runiv of [51], for whichD(ρ∥σ)−D(Φ(ρ)∥Φ(σ)) ≥ − logF (ρ,Runiv(Φ(ρ))); the tests check the inequal-
ities inside their ranges on random states and channels, Petz's equality condition and the recovery
bound.

scripts/renyi_threshold.py maximises the violation

v(α) = D(Φ(ρ)∥Φ(σ))−D(ρ∥σ)

for both families on a grid of 31 values α ∈ [0.2, 3], over states ρ, σ on Md and over two kinds of
channels: the complete dephasing (the conditional expectation onto the diagonal subalgebra) and all
channels with a d-dimensional environment, given by Stinespring isometries V = Z(Z∗Z)−1/2 with a
free complex Z. All values of α and all starts form one batch (α is given per sample), optimised with
the batched multistart ascent of Section 6. The states are restricted to ρ, σ ≥ ε/d; this keeps the
supremum �nite and the sandwiched divergence resolved in double precision for α ≥ 0.2. The bracket
between the last violating and the �rst non-violating grid point is then re�ned by searches at interior
points, started from random points and from perturbations of the best violating point. Every reported
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Experiment 1, k = 2, C = 1: both contrasts prescribed

Figure 4: Exp. 1, k = 2, C = 1, both contrasts prescribed: sup z (left) and inf z (right) on a grid of
∆(Y ) (horizontal) and ∆(X) (vertical). The violation sup z > 0 needs both operators to be far from
scalar and grows with both contrasts.

violation is attained at an explicit point (two states and the Kraus operators of a channel), and v is
recomputed there independently in mpmath with 50 signi�cant digits, after re-orthonormalising the
Kraus operators so that the point is an exactly trace-preserving channel; it counts as a violation only
if the certi�ed value exceeds a tolerance far above the error of the certi�cation. A certi�ed violation
therefore proves that the inequality fails at that α; the absence of a violation at the other end of a
bracket is evidence only, since a local search can miss small violations. (Results not generated: run
scripts/renyi_threshold.py.) Table 10 and Figure 5 show v(α) on the grid.

sandwiched D̃α Petz Dα

α dephasing channels dephasing channels

run scripts/renyi_threshold.py

Table 10: Largest certi�ed violation v(α) of the data-processing inequality on M2, for the complete
dephasing and for all channels with a two-dimensional environment (���: no violation above the
tolerance found). The theorems guarantee v ≤ 0 for α ≥ 1

2 (sandwiched) and α ≤ 2 (Petz).

�gure renyi_threshold.pdf not generated

Figure 5: Largest certi�ed violation v(α) (logarithmic axis) for the sandwiched (left) and the Petz
(right) divergences, for the complete dephasing and for channels with a d-dimensional environment
(solid: d = 2, dotted: d = 3); open symbols on the bottom line: no violation above the tolerance
(dotted horizontal line) found. Dashed: the known thresholds; shaded: the range in which the data-
processing inequality is a theorem.

7 Symmetric tensor products and spin chains

The basis of SpinChain is, by construction, that of the iterated fused product of single sites: the tests
check that Sz

i built by the chain coincides with Sz
i ⊗ 1 formed with kron in the fused product of the

algebra of SpinChain(L-1) with a single site. Beyond that, integrable chains provide exact results
for every part of the module (Table 12, Figure 6; script scripts/chains.py):
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� Free fermions. By the Jordan�Wigner transformation the open XX chain (∆ = 0) is a free-
fermion model with single-particle energies εk = J cos πk

L+1 , so the spectrum of sector N consists
of all sums of N distinct εk. For L = 12 all 2L levels agree to 7.1× 10−15.

� Heisenberg ring. Ground-state energies agree with exact values (Bethe ansatz for L = 4, in-
dependent exact diagonalisation for the others, rounded to nine digits) to the nine digits of
the table; E0/L approaches the Bethe-ansatz value 1

4 − ln 2 ≈ −0.4431. Every level of sector
N < L/2 reappears in sector N + 1 (SU(2) multiplets), up to 2.9 × 10−15; Section 8 uses this
symmetry to reduce the blocks further.

� Dynamics. The melting of a domain wall | ↑ · · · ↑↓ · · · ↓⟩ in the open XX chain, evolved in
the sector N = L/2 (dimension 12870 for L = 16), reproduces the single-particle prediction
⟨ni(t)⟩ = [eihtC(0)e−iht]ii, with h the single-particle hopping matrix and Cij = ⟨c†icj⟩ the
correlation matrix, to 4.9× 10−15.

� Entanglement. The entropy of a block of n sites of the XX ground state, obtained with
reduced_state, agrees with Peschel's formula S = −

∑
ν [ν ln ν + (1 − ν) ln(1 − ν)] over the

eigenvalues ν of the restricted correlation matrix [15], including the parity oscillations of open
chains, to 3.8× 10−12.

� Disorder. For the Heisenberg chain with random �elds hi ∈ [−W,W ] the mean ratio of con-
secutive level spacings in the middle of the spectrum crosses over from the GOE value 0.5307
to the Poisson value 2 ln 2 − 1 ≈ 0.3863 [16, 17] as W grows; at these sizes this is a �nite-size
crossover, the standard spectral diagnostic used in studies of many-body localisation. Here the
batch dimension holds the disorder realisations (400 per point).

� Momentum. For periodic chains the basis |a, k⟩ = N
−1/2
a

∑L−1
j=0 e

−ikjT j |a⟩ over orbit represen-
tatives a of the translation T (orbit length Ra, Na = L2/Ra; a contributes to momentum k
i� kRa ∈ 2πZ) splits sector N into blocks of �xed momentum k = 2πm/L (for L = 14 and
N = L/2 of sizes 246, 245, 245, 245, 245, 245, 245, 246, 245, 245, 245, 245, 245, 245); the
union of their spectra is the spectrum of the sector to 3.6 × 10−14, and the ground state of
the antiferromagnetic Heisenberg ring has k = 0 for even and k = π for odd L/2 (Marshall's
sign rule). Momentum blocks with k ̸= 0, π are complex in the plane-wave basis even for real
Hamiltonians, one of the cases of Section 3 where the �eld is �xed by the problem, at least
in this basis: combined with re�ection, time reversal leaves each k-block invariant, so for non-
integrable translation-invariant Hamiltonians these blocks show GOE statistics and admit a real
basis; the XXZ ring itself is integrable and its blocks are not of GOE type.

� Beyond dense matrices. Lanczos with full re-orthogonalisation and restarts, batched over Hamil-
tonians, reproduces the free-fermion ground-state energies of open XX chains and the Heisenberg
ring in sectors up to the sizes of Table 11 (in the full run beyond the reach of dense diagonali-
sation); Krylov evolution of the domain wall for L = 22 (sector dimension 705432) agrees with
the single-particle solution to 1.7× 10−14.

� Open chains. With jump operators S−
i on every site (Lindblad terms between sectors N →

N − 1) and any N -conserving Hamiltonian the particle number performs a pure death process,
so the sector distribution must be binomial, pn(t) =

(
N0

n

)
e−nγt(1 − e−γt)N0−n; the library

reproduces it to 2.4× 10−10.

25



model sector dim E0 (Lanczos) E0 (exact) di�erence time [s]

XX open, L = 16 12870 -4.9189757237 -4.9189757237 1.8× 10−15 0.14
XX open, L = 20 184756 -6.1907449998 -6.1907449998 8.9× 10−16 0.07
XX open, L = 24 2704156 -7.4629855550 -7.4629855550 2.7× 10−15 0.56
Heisenberg ring, L = 16 12870 -7.1422963606 -7.142296361 < 5× 10−10 0.059

Table 11: Batched Lanczos on sparse sector Hamiltonians (time includes building the sparse Hamil-
tonian): ground-state energies against free fermions (

∑
of the L/2 lowest cos πk

L+1) and the tabulated
Heisenberg value (nine digits); full run on NVIDIA GeForce RTX 5090.

L dim (N = L/2) E0 (library) E0 (exact) di�erence E0/L

4 6 -2.000000000 -2.000000000 < 5× 10−10 -0.50000
6 20 -2.802775638 -2.802775638 < 5× 10−10 -0.46713
8 70 -3.651093409 -3.651093409 < 5× 10−10 -0.45639
10 252 -4.515446354 -4.515446354 < 5× 10−10 -0.45154
12 924 -5.387390917 -5.387390917 < 5× 10−10 -0.44895
14 3432 -6.263549534 -6.263549534 < 5× 10−10 -0.44740
16 12870 -7.142296361 -7.142296361 < 5× 10−10 -0.44639

Table 12: Ground-state energy of the Heisenberg ring H =
∑

i Si · Si+1; exact values to nine digits
(full run on NVIDIA GeForce RTX 5090).

8 Subalgebras, inclusions and symmetries

The algebras of the previous sections are declared by their sector sizes. Three modules relate algebras
to each other and to the symmetries that produce them: inclusions treats a subalgebra N ⊂ M
with its conditional expectations and indices, decompose computes the algebra generated by given
matrices or by a �nite group, and su2 uses the full SU(2) symmetry of spin-12 chains instead of Sz

tot

alone.

Inclusions and conditional expectations. Let N =
⊕C

c=1Mkc and M =
⊕D

d=1Mmd
. Every

unital inclusion ι : N → M is, up to an inner automorphism Adu of M, of the form ι(x)d =⊕
c xc ⊗ 1λdc

, given by the inclusion matrix Λ = (λdc) ∈ ZD×C
≥0 with md =

∑
c λdckc [53]: λdc

is the multiplicity of the summand c of N in the summand d of M. Inclusion stores Λ and
an optional (batched) unitary u. With the isometries Vdc,i : Ckc → Cmd onto the i-th copy of
Ckc , ι(x)d =

∑
c,i udVdc,ixcV

∗
dc,iu

∗
d, so ι is an InterSectorChannel, and inclusion matrices of towers

multiply. A faithful trace τ =
∑

dwdTrd on M restricts to N with the weights ν = ΛTw, and

E(y)c = ν−1
c

∑
d,i

wd V
∗
dc,iu

∗
d yd udVdc,i

is the unique τ -preserving conditional expectation of M onto N : it is unital and completely positive,
E ◦ ι = id, E(ι(n1)y ι(n2)) = n1E(y)n2, and it is the adjoint of ι with respect to τ and τ |N . The
tests check these properties against dense matrices for the three traces of Section 2, for the Markov
trace and for random weights. For a connected inclusion (the bipartite graph of Λ is connected) the
Perron�Frobenius vector of ΛΛT gives the Markov trace, and the index is [M : N ] = ∥Λ∥2 [52, 53]:
(m/k)2 for factors Mk ⊂ Mm, n2 for C ⊂ Mn and n for the diagonal subalgebra Cn ⊂ Mn. The
Watatani index IndE =

∑
j uju

∗
j over a quasi-basis {uj} [55] is central, (IndE)d = (ΛΛTw)d/wd, and

equals [M : N ] 1 exactly for the Markov trace. The Pimsner�Popa constant λ(E) = max{λ : E(y) ≥
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Figure 6: Left: ⟨Sz
i (t)⟩ after a domain-wall quench of the XX chain (light cone). Middle: entanglement

entropy of the XX ground state, library vs. Peschel's formula. Right: mean level-spacing ratio of the
random-�eld Heisenberg chain, with the GOE and Poisson values.

λy for all y ≥ 0} [54] is
(
maxd

∑
c(νc/wd)min(kc, λdc)

)−1. For II1 subfactors λ(E) = [M : N ]−1 [54],
but for Type I inclusions the two di�er: for C ⊂ Mn, λ(E) = 1/n, while the constant of the
complete order, max{λ : E − λ id completely positive} = 1/∥ IndE∥ [56], is 1/n2. The tests compare
both constants with brute-force values (bisection over rank-one y, and Choi matrices). The basic
construction M1 = ⟨M, eN ⟩ has the sectors of N , of sizes (ΛTm)c, and M ⊂ M1 has the inclusion
matrix ΛT [52, 53]; the library builds the Jones projection eN (tested: eN yeN = E(y)eN , eN ∈ N ′,
the Markov property τ1(yeN ) = [M : N ]−1τ(y)), the Jones tower N ⊂ M ⊂ M1 ⊂ . . . with constant
index, and the relative commutant N ′∩M =

⊕
λdc>0Mλdc

. All maps act on batches by index gathers,
without host synchronisation, and are di�erentiable.

The spin-chain tower. The U(1) algebras AL =
⊕L

N=0M(LN)
of Section 7 form the tower AL ⊂

AL+1, x 7→ x⊗ 12, whose Bratteli diagram is Pascal's triangle: sector N of AL+1 receives the sectors
N −1 (new spin up) and N (new spin down) of AL. Λ is the incidence matrix of the path with 2L+3
vertices, so

[AL+1 : AL] = ∥Λ∥2 = 4 cos2
π

2L+ 4
↗ 4,

values 4 cos2(π/n), n = 4, 6, 8, . . . (2, 3, 2 +
√
2, . . . ), of the discrete series below 4 in Jones' index

theorem [52]. The tests check the spectrum of the path graph and the index for L ≤ 8, that the
embedding is x⊗12 in the basis of SpinChain, and that the conditional expectation for the normalised
trace of (C2)⊗(L+1) is the normalised partial trace over the new site. Listing 10 shows the interface.

Listing 10: Inclusions, conditional expectations and indices (abridged from example_inclusions.py

in examples).
import math, torch

from torch_vn_algebra import TypeIAlgebra, inclusions as inc

N = TypeIAlgebra([2, 1], [2, 1], precision='double') # M_2 (+) C

M = TypeIAlgebra([4, 3], [4, 3], precision='double') # M_4 (+) M_3

I = inc.Inclusion(N, M, [[1, 2], [1, 1]], unitary=M.random_unitary_operator(3))

print(I.index()) # ||Lambda||^2 = (7 + sqrt 45)/2

E = I.conditional_expectation('markov') # tau-preserving E: M -> N

y = M.operator(torch.randn(3, M.C, M.k_max, M.k_max, dtype=M.dtype))

x = N.operator(torch.randn(3, N.C, N.k_max, N.k_max, dtype=N.dtype))

print((E(I.embed(x) @ y).matrix - (x @ E(y)).matrix).abs().max()) # bimodule property

print(E.index().matrix[0, :, 0, 0].real) # Watatani index: [M:N] 1

27



print(E.pimsner_popa_constant(), E.pimsner_popa_constant(complete=True))

J, e = I.basic_construction(), I.jones_projection('markov') # M c M_1 = <M, e_N>

eye = e.matrix @ J.embed(y).matrix @ e.matrix # e_N y e_N = E(y) e_N

print((eye - J.embed(I.embed(E(y))).matrix @ e.matrix).abs().max())

for L, T in enumerate(inc.chain_tower(6)): # A_L c A_{L+1}, x -> x (x) 1_2

print(L, T.index(), 4 * math.cos(math.pi / (2 * L + 4)) ** 2)

From a symmetry to the algebra: Wedderburn decomposition. Section 1 obtained the
algebra (1) from a symmetry through the commutant. decompose carries out this step numerically.
Given matrices S1, . . . , SJ ∈ Mn(C) (for instance the generators of a Lie algebra representation) or
all elements π(g) of a unitary representation of a �nite group, it returns a unitary V with

V ∗AV =
⊕
c

Mkc(C)⊗ 1mc , V ∗A′V =
⊕
c

1kc ⊗Mmc(C),

for the von Neumann algebra A = {Sj , S∗
j }′′ generated by the matrices, together with maps between

n × n matrices and operators of the algebras
⊕

cMkc and
⊕

cMmc of the library. The algorithm
is that of Murota, Kanno, Kojima and Kojima [57] (see also [58]). The eigenspaces of a random
Hermitian element of A′ are, generically, irreducible A-submodules, one per copy of each irreducible
representation. For a second random element Y ∈ A′ and orthonormal bases Qi, Qj of two such
submodules, Q∗

iY Qj intertwines them; by Schur's lemma it vanishes if they are inequivalent and
is a non-zero multiple of a unitary (generically) if they are equivalent, so the non-zero blocks give
the equivalence classes and their polar factors align the bases of the copies. Random elements of
A′ come from the twirl |G|−1

∑
g π(g)Xπ(g)

∗ for a �nite group, or from the null space of X 7→
([Hj , X])j with the Hermitian parts Hj of the generators, whose size is reduced by �rst diagonalising
a random Hermitian element of A. Every result is veri�ed before it is returned: the generators lie
in B = V

(⊕
cMkc ⊗ 1mc

)
V ∗, fresh random elements of A′ lie in B′, and

∑
cm

2
c = dimA′, which

together give A = B by the double commutant theorem; a failed check triggers a new random draw.
The decomposition is over C and uses dense linear algebra. For an algebra closed under complex
conjugation (real generators) entrywise conjugation maps every sector onto a sector, Vc = Vd(Jc⊗Mc)
by Schur's lemma, and real_structure reads o� the type of every simple summand of the real
algebra: complex for d ̸= c (a pair of conjugate sectors), real for d = c and JcJc = 1, quaternionic
for JcJc = −1; the sign has a gap of 2, so the decision needs no tolerance, and real_basis returns
a real orthogonal basis adapted to the types (Takagi factorisation of the symmetric unitary Jc).
In a quaternionic sector the multiplicity block of a real symmetric commuting operator has doubly
degenerate eigenvalues (Kramers). The tests recover block structures hidden by random unitaries, the
Fourier basis of the regular representation of Zn, and Schur�Weyl duality [59]: on (C2)⊗L, L ≤ 6, the
algebra generated by the permutations of the tensor factors and the algebra generated by the total
spin have the same central projections, with kc and mc exchanged (the dimensions of the irreducible
representations of SL of shape (L− j, j) and 2S + 1, S = L

2 − j); Listing 11 shows it for L = 4.

SU(2) symmetry of spin chains. The Heisenberg Hamiltonian H =
∑
Jij Si ·Sj commutes with

all of SU(2), not only with Sz
tot. On (C2)⊗L =

⊕
S CmS ⊗ VS , with VS the spin-S representation,

SU(2)′ =
⊕
S

MmS (C), mS =

(
L

L/2− S

)
−
(

L

L/2− S − 1

)
,

∑
S

(2S + 1)mS = 2L,

and an invariant Hamiltonian is
⊕

S HS ⊗ 12S+1: every multiplet is computed once instead of 2S +1
times, and the blocks shrink from

(
L

L/2+S

)
tomS . SU2Chain realises CmS as the highest-weight vectors
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kerS+ ∩ {Sz
tot = S} in the U(1) sector N = L/2 + S of SpinChain. Their orthonormal basis BS is

built site by site with Clebsch�Gordan coe�cients (the Yamanouchi basis, labelled by the sequence
of intermediate spins S1 = 1

2 , . . . , SL = S); it is orthonormal by construction, so no null space or
orthogonalisation is needed, and it is expressed directly in the U(1) basis, where the block of an
invariant operator is AS = B∗

SANBS . Clebsch�Gordan coe�cients are computed exactly in rational
arithmetic (Racah's formula [60], Condon�Shortley phases). By the Wigner�Eckart theorem [61]
the reduced matrix elements of the site spins follow from highest-weight vectors alone, and Si · Sj is
assembled from them as a sum over intermediate spins, so spin correlations need no sum over magnetic
quantum numbers. For L = 14 the largest U(1) block,

(
14
7

)
= 3432, becomes m1 = m2 = 1001, and

the cubic cost of diagonalising all blocks,
∑

N

(
L
N

)3
against

∑
Sm

3
S , drops by a factor of about 48;

for L = 16 the largest block shrinks from 12870 to 3640. The bases of all spins hold
∑

SmS

(
L

L/2+S

)
numbers (1.0 · 108 for L = 16), which limits dense SU(2) computations to about L = 16. The
tests compare the full spectra of open and periodic chains, with a �eld and next-nearest-neighbour
couplings, for L ≤ 12 with dense diagonalisation (without next-nearest-neighbour couplings also with
the U(1) sectors; to 10−10), and reproduce the ring energies of Table 12 for L ≤ 14 (to 10−9, with total
spin 0), the theorem of Lieb and Mattis [62] for open chains and even rings with L ≤ 12 (the ground
state has S = 0 for even and S = 1

2 for odd L, and the lowest energy E0(S) increases strictly with S),
the two exactly degenerate singlets with E = −3L/8 at the Majumdar�Ghosh point J2 = J/2 [63],
textbook and SymPy values of the Clebsch�Gordan coe�cients, and Wigner�Eckart matrix elements
and spin correlations against direct evaluation.

Listing 11: Schur�Weyl duality from the symmetries alone, and the SU(2) blocks of a Heisenberg ring
(cf. examples/example_decompose.py and example_su2.py).
import torch_vn_algebra.decompose as dc

from torch_vn_algebra import SU2Chain

S4 = dc.from_group(dc.permutation_representation(4, 2)) # all 24 permutations of 4 qubits

SU2 = dc.from_generators(dc.total_spin(4)) # S_x, S_y, S_z

print(S4.k_factors, S4.multiplicities) # (1, 2, 3), (5, 1, 3)

print(SU2.k_factors, SU2.multiplicities) # (1, 3, 5), (2, 3, 1): swapped

chain = SU2Chain(14, 'periodic', complex_valued=False)

print(chain.multiplicities) # m_S for S = 0..7, largest 1001

H = chain.heisenberg(J=1.0) # (+)_S H_S in (+)_S M_{m_S}

gs = chain.ground_state(H)

print(gs.energy, gs.spin, chain.lowest_energies(H)) # S = 0; E_0(S) increases with S

9 Comparison with NumPy/SciPy

To separate what the library adds from what plain array code already gives, the same computations
were written three ways (scripts/baselines.py; Table 13). (A) The Monte Carlo of Exp. 1: B
pairs of positive operators with prescribed contrast and Haar-orthogonal eigenvectors in every sector, a
Haar-orthogonal U ∈ M, and z. The direct NumPy/SciPy formulation loops over samples and sectors
with scipy.stats.ortho_group; a hand-vectorised NumPy version uses stacked QR decompositions
with the phase correction; the library needs three calls. (B) Ground states of sector Hamiltonians:
scipy.sparse.linalg.eigsh (ARPACK [36]), one call per Hamiltonian, against the batched Lanczos
solver. The three Monte Carlo versions sample the same distribution: their means di�er by at most
1.2 standard errors, a two-sample Kolmogorov�Smirnov test of the library against vectorised NumPy
gives p ≥ −−, and the ground-state energies agree to round-o�. All times are medians of up to �ve
runs after a warm-up.
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The comparison is instructive in both directions. On a CPU the gain over the loop depends on
the block size: it is large for small blocks, where the Python overhead of the loop dominates, and
small for large blocks, where both spend their time in the same LAPACK routines. Against carefully
vectorised NumPy the library is not systematically faster on a CPU (Table 13): both call the same
kernels. Its value there is that the vectorised, correctly sampled, block-aware version is the default
rather than an expert rewrite, and that the same code runs on a GPU and can be di�erentiated.
The NumPy versions work in double precision, so the library's CPU and GPU columns do too; the
last column repeats the GPU run in single precision, since double precision is 32�64 times slower on
consumer GPUs. For ground states, ARPACK is the reference for a single Hamiltonian on a CPU;
our Lanczos solver re-orthogonalises fully for robustness and is batched over Hamiltonians, which is
what lets disorder averages and GPUs pay o� (Table 13).

C k NumPy loop NumPy vectorised library (CPU) library (GPU) GPU, FP32

1 2 160 2.49 1.50 124
16 16 2852 690 884 2000
32 16 5702 1380 1688 4005

L sector dim Hamiltonians eigsh [s] library, CPU [s] library, GPU [s] max |∆E0|

16 12870 1 0.0288 0.0552 6.2e-15
16 12870 20 0.621 0.114 4.3e-14
18 48620 1 0.115 0.0588 3.6e-15
20 184756 1 0.540 0.0642 1.1e-14

Table 13: Top: time per Monte Carlo sample [µs] for (A); bottom: ground states of Heisenberg rings
(one Hamiltonian) and random-�eld chains (W = 3, several Hamiltonians) in the sector N = L/2,
total time for all Hamiltonians (���: no GPU in this run) (full run on NVIDIA GeForce RTX 5090).

10 Performance

Table 14 and Figure 7 report the wall-clock time per sample of library operations (not of isolated
kernels), in single precision, with batch B = min

(
4096, 222/(Ck2)

)
(shown in the table) (full run on

NVIDIA GeForce RTX 5090; CPU with 16 threads; PyTorch 2.14.1+cu130, CUDA 13.0, cuSOLVER
12004). The versions matter: batched Hermitian eigensolvers on GPUs cover all block sizes only in
recent cuSOLVER and PyTorch releases (older releases fall back to a loop over the matrices for blocks
larger than 32), and batched SVD on GPUs is limited to blocks of size at most 32, which is why the
library uses the Hermitian eigensolver wherever the operator is self-adjoint (and the eigensolver of the
Hermitian dilation

(
0 A
A∗ 0

)
for singular values of larger blocks). Batched QR on GPUs factorises small

matrices one at a time; Haar sampling therefore uses a batched Gram�Schmidt orthonormalisation
with reorthogonalisation on GPUs, which gives the same matrices as QR with the phase correction.
On the CPU, PyTorch's batched eigen-, singular-value and QR decompositions loop over the matrices
on one core; the library splits such batches into one chunk per thread (identical results), so the CPU
column uses all cores. The operations are: generating random operators with prescribed spectra,
f(A) by eigendecomposition, |A| (singular values), the Michelson contrast, applying a channel, the
Lindblad channel etL, and one gradient step of the optimisation; the table gives the CPU and GPU
times and their ratio.

Besides speed, the structure of the computation is checked directly (scripts/gpu_check.py on a
GPU, tests/test_sync_free.py on a CPU): the operations read no values back to the host (each
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such read synchronises a GPU), and their number of kernel launches does not grow with the number
of sectors C at a �xed total size. Per-sector work of this kind made the random generation of an
earlier version of the library slower on a GPU than on a CPU; the check would have found it.

The �rst version of this work reported GPU speedups for raw kernels on a P100 and found them
only for part of the con�gurations. That observation re�ects where GPUs help: a GPU needs enough
independent work per kernel launch. For computations in (1) this means many samples, many sectors
or large blocks, and matrix products rather than decompositions of small matrices. The design follows
from it: everything is batched, so that the batch dimension supplies the parallel work, and the cost
module warns before con�gurations that would be slow. For workloads that are small or dominated
by a single eigenproblem, the CPU (or SciPy, Section 9) is the right tool, and the library runs there
unchanged.

generate
f(A) eigh
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exp(tL)

opt. step
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Figure 7: Speedup CPU/GPU (logarithmic axis; above 1 the GPU is faster) of the operations of
Table 14, one bar per con�guration (k,C).

11 Limitations and roadmap

� Layout. Blocks are padded to kmax. For very di�erent sector sizes (binomial sectors of spin
chains) one works in single sectors, and SU2Chain builds the block of a single total spin without
padding; operators acting on all sectors at once would need a bucketed layout, which is not
implemented yet.

� Symmetries. Abelian charges with an arbitrary fusion rule and lattice translations are sup-
ported, and for spin-12 chains the SU(2) multiplets reduce the blocks further (su2; dense up to
L ≈ 16, Section 8). Not yet implemented: SU(2) combined with momentum sectors, chains of
spins larger than 1

2 , re�ections and spin �ip, and sparse (Lanczos) solvers in the SU(2) blocks.
The numerical Wedderburn decomposition handles any symmetry given by matrices, but with
dense linear algebra; it identi�es the real, complex and quaternionic summands of real algebras,
but the core algebra class stores only real and complex blocks (quaternionic blocks are kept as
complex blocks together with their Jc). Dense methods reach about 16�18 spins in the U(1)
sectors, the sparse Lanczos and Krylov solvers handle the half-�lled sector of 24 spins (dimen-
sion 2.7 · 106; Table 11 in the full run), and about 26 spins on a GPU with tens of gigabytes (an
estimate from the memory of the Krylov basis); tensor-network methods are out of scope.
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� Optimisation. The search is local; envelopes are lower bounds for suprema (upper bounds for
in�ma). Gradients of the functional calculus are �nite at degenerate spectra, but gradients
through the eigenvectors returned by eigh are not; second derivatives of f(A) are correct at
non-degenerate spectra only.

� Divergences. For α < 1 the sandwiched divergence depends on all eigenvalues of σgρ σg, g =
(1 − α)/(2α), whose condition number grows without bound as α → 0; for small α and ill-
conditioned states the computed value is not accurate (hence the restriction α ≥ 0.2, ρ, σ ≥ ε/d
in Section 6.1).

� Scale. Choi matrices, superoperators and etL work with k2c × k2c matrices and are limited to
blocks of a few tens; RK4 integration scales to larger blocks.

� Scope. Finite dimensions and Type I only; no tensor-network methods, and sparse methods
only for sector Hamiltonians (Lanczos and Krylov).

12 Availability and reproducibility

The code is available under the MIT licence at

https://github.com/andre-a-no/von_neumann_type_i.

bash scripts/run_all.sh full cuda regenerates every table and �gure of this text on a GPU; bash
scripts/run_all.sh runs a reduced version on a CPU in a few minutes (written to .quick_output/,
not into the paper's tables), and python scripts/gpu_check.py checks a GPU in a few minutes
(correctness against the CPU, absence of per-sector work, timings). The tables state the device, the
mode and the commit of the code they were produced with.
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operation k C batch GPU [µs] CPU [µs] speedup

generate 4 1 4096 63.5 1.90 0.0299
f(A) eigh 4 1 4096 0.160 3.06 19.2
|A| SVD 4 1 4096 0.388 5.27 13.6
contrast 4 1 4096 0.0979 1.44 14.7
channel 4 1 4096 0.116 0.186 1.60
exp(tL) 4 1 4096 2.05 34.1 16.6
opt. step 4 1 4096 2.76 7.78 2.82
generate 4 16 4096 995 28.1 0.0283
f(A) eigh 4 16 4096 0.514 44.7 86.9
|A| SVD 4 16 4096 4.17 80.7 19.4
contrast 4 16 4096 0.358 22.0 61.5
channel 4 16 4096 1.34 4.53 3.38
exp(tL) 4 16 1024 49.2 556 11.3
opt. step 4 16 4096 9.54 80.2 8.41
generate 4 256 1024 15710 534 0.0340
f(A) eigh 4 256 1024 9.01 742 82.3
|A| SVD 4 256 1024 66.3 1283 19.4
contrast 4 256 1024 5.63 359 63.7
channel 4 256 1024 20.9 65.0 3.12
exp(tL) 4 256 64 7743 15365 1.98
opt. step 4 256 1024 133 1604 12.0
generate 16 1 4096 60.9 17.3 0.283
f(A) eigh 16 1 4096 0.206 23.8 116
|A| SVD 16 1 4096 0.780 44.5 57.0
contrast 16 1 4096 0.137 10.9 79.5
channel 16 1 4096 0.129 1.72 13.4
exp(tL) 16 1 64 1149 13608 11.8
opt. step 16 1 4096 3.61 74.3 20.6
generate 16 16 1024 1032 290 0.281
f(A) eigh 16 16 1024 1.76 419 238
|A| SVD 16 16 1024 10.7 746 69.6
contrast 16 16 1024 1.26 182 145
channel 16 16 1024 1.63 65.0 39.8
exp(tL) 16 16 4 79221 181417 2.29
opt. step 16 16 1024 34.9 1505 43.1
generate 16 256 64 18838 5937 0.315
f(A) eigh 16 256 64 78.0 6736 86.3
|A| SVD 16 256 64 172 11860 68.9
contrast 16 256 64 36.9 2871 77.7
channel 16 256 64 26.3 989 37.6
exp(tL) 16 256 1 2349043 3558629 1.51
opt. step 16 256 64 567 21657 38.2
generate 64 1 1024 62.0 329 5.30
f(A) eigh 64 1 1024 3.47 393 113
|A| SVD 64 1 1024 13.1 820 62.4
contrast 64 1 1024 2.48 211 85.0
channel 64 1 1024 0.859 71.2 82.9
opt. step 64 1 1024 34.2 1737 50.8
generate 64 16 64 1262 4995 3.96
f(A) eigh 64 16 64 59.2 6495 110
|A| SVD 64 16 64 211 12966 61.4
contrast 64 16 64 41.2 3424 83.0
channel 64 16 64 13.7 1054 76.8
opt. step 64 16 64 550 28154 51.2
generate 64 256 4 132631 103301 0.779
f(A) eigh 64 256 4 1753 99206 56.6
|A| SVD 64 256 4 3398 204740 60.2
contrast 64 256 4 933 54526 58.4
channel 64 256 4 217 12346 57.0
opt. step 64 256 4 8867 448973 50.6

Table 14: Wall-clock time per sample of library operations for C sectors of size k and the batch size
shown (full run on NVIDIA GeForce RTX 5090, CPU with 16 threads) (single precision; �exp(tL)�
uses a smaller batch because its superoperators have k4 entries). With a GPU the table also gives
the CPU time and the speedup CPU/GPU.
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